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Abstract 

In this paper we prove the breakdown of an heteroclinic connection in the analytic versal unfoldings of 
the generic Hopf-Zero singularity in an open set of the parameter space. This heteroclinic orbit appears 
at any order if one performs the normal form around the origin, therefore it is a phenomenon "beyond all 
orders" . In this paper we provide a formula for the distance between the corresponding stable and unstable 
one dimensional manifolds which is given by an exponentially small function in the perturbation parameter. 
Our result applies both for conservative and dissipative unfoldings. 



1. Introduction and main result 

The so-called Hopf-zero (or central) singularity consists in an analytic vector field X* : M 3 — > ]R 3 , having 
the origin as a critical point, and such that the eigenvalues of the linear part at this point are 0, ±za*, for 
some a* ^ 0. Hence, after a linear change of variables, we can assume that the linear part of this vector 
field near the origin is: 






a* 





■a* 


















DX* (0,0,0) = 

In this paper, assuming generic conditions on X* , we will study some heteroclinic phenomena which appear 
in versal analytic unfoldings of this singularity in an open region of the parameter space. Note that, in the 
linear setting, it is clear that this singularity can be met by a generic family of linear vector fields depending 
on at least two parameters. Thus, it has codimension two. However, since DX* (0,0,0) has zero trace, it is 
reasonable to study it in the context of conservative vector fields. In this case, the singularity can be met 
by a generic linear family depending on one parameter, and so it has codimension one. 

Here, we will work in the general setting (that is, with two parameters), since the conservative one is just 
a particular case of it. Hence, we will study generic analytic families X^ M of vector fields on M 3 depending 
on two parameters (/i, v) g ]R 2 , such that Xq^q ~ X* , the vector field described above. Following [1] and [2], 
after some changes of variables we can write X^^ in its normal form of order two, namely: 



dx 
~dl 
dy 
dt 
dz 
~dl 



x (P l> - /3iz) +y (a* + ot\v + a 2 [i + a 3 z) + 3 (x, y, z, n, v), 

-x (a* + aiv + a 2 n + a 3 z) + y (j3 v - /3%z) + 3 (x, y, z, fx, v), (1) 
-7oM + 7i z 2 + 72(S 2 + V 2 ) + 73A* 2 + 74^ 2 + 75^ + 3 (x, y, z, fi, v). 



Note that the coefficients a 3 , fti, 71 and 72 depend exclusively on the vector field X* . We also observe 
that the conservative setting corresponds to taking v = 0, 71 = /3i and imposing also that the higher order 
terms are divergence-free. 

From now on, we will assume that X* satisfies the following generic conditions: 

01 ^0, 71 £ 0. (2) 
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Moreover, we will consider unfoldings satisfying the generic conditions: 

ft, 70 ¥= o- 

Depending on the other coefficients a; and ji, one obtains different qualitative behaviors for the orbits of 
the vector field X^ v . The different versal unfoldings have been widely studied in the past, see for example 
[TJ [21 IH [S] . However, if (fj,, v) belongs to a particular open set of the parameter space, these unfoldings 
are still not completely understood. This set is defined by the following conditions: 



7o7 iM>0, \fr>v\ < |/3i|vM (3) 

In this paper we will study the unfoldings X^ with the parameters belonging to the open set defined by 
(J3|. In fact, redefining the parameters /i and v and the variable z, one can achieve: 

ft = 7o = 1, ft > 0, 7i > 0, (4) 

and consequently the open set defined by ([3| is now: 

(i > 0, < ft^/L (5) 



Moreover, dividing the variables x, y and z by ^/ti, multiplying i by ^/tT , redefining the coefficients and 
denoting a — a * I \fl\i we can assume that 71 = 1, and therefore the system ([I]) becomes: 

dx 

— = 5 (i/ - faz) + y (oto + a.\v + a 2 fi + a 3 z) + 3 (x,y, z, n, v), 

= -x(a + + a 2 ^ + a 3 z) +y(v- ft^) + 3 (x,y, z,n,v), (6) 

% = -A* + z 2 + 7 2 (x 2 + i/ 2 ) +73M 2 + 74^ 2 +75^^ + 3 {x, y, z,fi, v). 

We denote by X 2 u , usually called the normal form of second order, the vector field obtained considering 
the terms of (|6| up to order two. Therefore, one has: 

X MtV = X* tV + F* >v , where F 2 „(x,y,z) = 3 (x,y,z,n,i'). 
Similarly, doing the normal form procedure up to any finite order n, one has: 

X^i.y = X» v + F; >v n>2, 
where X™ v (x, y, z) is a polynomial of degree n and: 

•^vfof/jz) = O n+1 (x,y,z,n,v). 
Moreover, one can show (see [2]) that if \x and v are small enough: 
1. X™ has to critical points S±((x,v) — (0, 0, f)), with: 

zl{^ V )=±^Ji+0{{^ + V 2 ) 1 l 2 ), 



with eigenvalues: 



Xf = ±2^ + 0{^ 2 + V 2 f' 2 ), 

Xf = v T p l ^fjl + i{a ±a 3 ^jl) + 0{{p 2 + v 2 ) 1/2 ), 

^3 = ^2 

Hence, S±(jj,, v) are both of saddle-focus type, v) having a one-dimensional unstable manifold 

and a two-dimensional stable one, and 5™ (/i, v) having a one-dimensional stable manifold and a two- 
dimensional unstable one. 



2. The segment of the z-axis between 5? (/i, and ^"(/i, is a heteroclinic connection. 

3. If 72 > there exists a curve T n in the (/x, i/)-plane of the form ^ = rriy/JI + 0(/z 3 / 2 ), such that for 
(/i, v) £ r„ the two-dimensional invariant manifolds of the points S^(fj,,iy) are coincident. In the 
conservative setting (where v = 0), the two-dimensional invariant manifolds of <S±(/i) coincide for all 
values of \i. 

Then, the whole vector field X^^ — X™ + F™ will have two critical points S±(n 1 v) close to S±(n,v), 
which will be also of saddle-focus type. However it is reasonable to expect that the heteroclinic connections 
will no longer persist. Moreover, for (/i, v) close to r„, what one might expect is that this breakdown of the 
heteroclinic connections causes the birth of homoclinic orbits to the point S+di, v) (or SL (/z, u)), giving rise 
to what is known as a Sil'nikov bifurcation (see [6], and also [7] for the analogous phenomenon for vector 
fields in M 4 ). 

The existence of such Sil'nikov bifurcations for C°° unfoldings of the Hopf-zero singularity is studied 
in 0]. In the first place, in that paper the authors show that, doing the normal form procedure up to 
order infinity and using Borel-Ritt theorem, one can write X^ = X?f v + F^° v , where X?f v has the same 
properties 1, 2 and 3 as the vector fields X™ v described above, and F^ — F ll ^(x,y, z) is a flat function 
at (x, y, z, fi, v) = (0, 0, 0, 0, 0). Their main result is that, given a family X°^ v there exist flat perturbations 
p^ v such that the family: 

Xw=X%u+P%« (7) 

possesses a sequence of Sil'nikov bifurcations, occurring at parameter points (//;, v{), I € N, which accumulate 
at (fi, v) = (0,0). Moreover, they prove that there is a dense subset of the unfoldings which do not have 
a Sil'nikov bifurcation, but in the complement of this set this Sil'nikov phenomenon occurs densely. Even 
if the authors give an existence theorem, they do not provide conditions to check if a concrete family X^^ 
possesses a Sil'nikov bifurcation. Moreover, the fields of the family (JtJ) , for which they prove the existence 
of such bifurcations, are C°° but not analytic vector fields. 

Our final goal will be to study real analytic unfoldings of the singularity X* and to provide specific and 
explicit conditions over the family X^ v that, under assumptions Q, and when the parameters belong to the 
set defined by (J5|, ensure the existence of a Sil'nikov bifurcation. We conjecture that a similar phenomenon 
as the one described in |4] will happen for a generic analytic singularity X* and all unfoldings satisfying 
these assumptions. 

However, before proving the existence of an homoclinic connection, one has to check that the heteroclinic 
connections are broken indeed. In this paper we give a generic and numerically checkable condition on X* 
which guarantees the breakdown of the one-dimensional heteroclinic connection for any universal analytic 
unfolding satisfying Q and ([5| . This is just a first step towards proving the existence of Sil'nikov bifurcations 
for universal analytic unfoldings of the Hopf-zero singularity 

The breakdown of this heteroclinic orbit has been proved, in the conservative setting, for the so-called 
regular case in [5,. In this problem, the regular case consists in considering that the terms of order three 
in system ^ are all divisible by fi. Under this assumption, the authors give an asymptotic formula of the 
splitting distance of the one-dimensional invariant manifolds when they meet the plane z = 0, which is a 
suitable version of the Melnikov integral (see [21 IE])- Moreover, this distance turns out to be exponentially 
small with respect to the perturbation parameter /i. Note that, as we pointed out above, the breakdown 
of the heteroclinic orbit cannot be detected in the truncation of the normal form at any finite order and 
therefore, as it is usually called, it is a phenomenon beyond all orders. Hence, the exponential smallness of 
the splitting distance is in fact what one expected. 

Here we deal with a generic X* and universal unfoldings, and therefore with the singular case. We 
observe that this case is very relevant since the vector field X* and the unfoldings considered in the regular 
case are not generic. Indeed, on one hand, the fact that the terms of order three in system Q must be all 
divisible by fi implies that the singularity X* cannot have any term of order three, which obviously is not 
a generic condition. On the other hand, it also implies that some coefficients of the Taylor expansion of the 
unfoldings X^ v must be equal to zero, and hence the result is not valid for generic unfoldings. 

In this paper we give an asymptotic formula of the distance between the two one-dimensional invariant 
manifolds when they meet the plane z = 0, for generic unfoldings and both in the dissipative and conservative 



3 



settings. This distance is again exponentially small with respect to the parameter /i. However, Melnikov 
theory is no longer valid, and one has to introduce some techniques that were not needed in [5], such as 
the study of the so-called inner equation (for other examples of exponentially small phenomena where the 
prediction given by Melnikov theory is not true, see [9J [TOJ QT] ) . Moreover, from the asymptotic formula we 
obtain an explicit and checkable condition over the vector field X* (namely, that a given constant C* is not 
zero) which ensures that, for every member of the family X^ satisfying ([4]) and ([5]), the one-dimensional 
invariant manifolds of S±(fi,v) are not coincident. This constant C* , which is usually called the Stokes 
constant (see [El US]), depends on the full jet of X* and therefore, up to now, it can only be computed 
numerically. 

The main result of the paper is the following: 

Theorem 1. Consider system with fx, f3\ > and \v\ < f3iy/Ji, which has two critical points S±((J,,v) 
of saddle focus type. Then there exists a constant C* , depending on the full jet of X* , such that the distance 
d n ' s between the one- dimensional stable manifold of S-(fj,,i>) and the one- dimensional unstable manifold of 
S+(p,is) when they meet the plane z = is given asymptotically by: 

d u ' s = ^^e-^e^ (aoh °-^ +a3) (c* +O f ' 



log(Vv^) 



where —h$ is the coefficient of z 3 in the third equation of system ([6]). 

Remark. In the conservative setting we have v = and f3± = 1, and hence this distance is given by: 



d u ' s 



I' 



-l/ 2 e -5vl e f (a h +a 3 ) ( C* + O ( - 

V \log(l/ 



/vn) 



Corollary. If C* 0, the one- dimensional invariant manifolds of S+(/i, v) and SL(/z, do not intersect. 



2. Sketch of the proof 

The aim of this section is to give the main ideas of how Theorem [l] is proved. 

2.1. Set-up and notation 

First of all we will rescale the variables and parameters so that the critical points are 0(1), and not 
0(«yji) as we had in system (pi). We define the new parameters S = y/JI, a = 5~ 1 v 1 and the new variables 
x = (5 _1 5, y = S~ 1; y, z = 8 z and t — St. Then, renaming the coefficients b = 72, c = a 3 and d = f3i, 
system (|6| becomes: 

dx , . \ { a(5a) \ 2 

— = x (a — dz) + — h cz ) y + f(dx, oy, dz, d, do-), 

dt \ I 



dy f a(5a 

~dl 



dz 
~dl 



/ a{5a) ^ x + y (a - dz) + S 2 g(Sx,Sy,Sz,S,Sa), (8) 
1 + b(x 2 + y 2 ) + z 2 + d~- 2 h(5x, Sy, 5z, 6, 6a), 



where d > 0, /, g and h are real analytic functions of order three in all their variables, 5 > is a small 
parameter and |er| < d. Moreover, a(5a) is an analytic function such that a(0) = olq 7^ and a'(0) = ol\. 

Remark 2.1. Without loss of generality, we can assume that ao and c are both positive constants. In 
particular, for S small enough, a(Sa) will be also positive. 
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Remark 2.2. From now on, in order to shorten the notation, we will not write explicitly the dependence 
of a with respect to 5a. That is, we will write a instead of a(5cr). In fact, a will be treated as a parameter 
independent of 5 and er, since for S small enough: 

< Ki < a{5a) < K 2 , 

and both constants are independent of these two parameters. 

Below we summarize some properties of the rescaled system Q, which can be deduced similarly as in 

Lemma 2.3. For any value of 8 > 0, the unperturbed system (system ^ with f = g = h = 0) verifies: 

1. It possesses two hyperbolic fixed points S± — (0,0, ±1) which are of saddle-focus type with eigenvalues 
a T d + | f ± c\i, a ± d - | f ± c\i, and ±2. 

2. The one- dimensional unstable manifold of and the one- dimensional stable manifold of S°_ coincide 
along the heteroclinic connection {(0,0,2) : —1 < z < 1}. This heteroclinic orbit can be parameterized 
by 

T (t) = (0, 0, z (t)) = (0, 0, - tanht), 

if we require To(0) = (0,0,0). 

Lemma 2.4. If S > is small enough, system ^ has two fixed points S±(5,a) of saddle-focus type 
S±(S,a) = {x±(6,a),y±(S,o-),z±(S,a)), with: 

x±(6,a) = 0(S 2 ,S 2 cr 3 ) = 0(6 2 ), y±(5,a) = 0(S 2 ,S 2 <r 3 ) = 0(6 2 ), z ± (S,a) = ±l + 0(S,6a 3 ) = ±1 + 0(5). 

5+(<5, cr) has a one- dimensional unstable manifold and a two-dimensional stable one. Conversely, S-(S,a) 
has a one- dimensional stable manifold and a two-dimensional unstable one. 
Moreover, there are no other fixed points of Q in the closed ball £?(5 -1 / 3 ). 

Next theorem, which we will prove in the following, is the version of Theorem [l] in the new variables. 

Theorem 2.5. Consider system with S, d > and \a\ < d. Then there exists a constant C* , such that 
the distance d u ' s between the one- dimensional stable manifold of S-(5,o~) and the one- dimensional unstable 
manifold of S + (5,o~), when they meet the plane z = 0, is given asymptotically by: 

d u,s = ^-(i+ftjg-^gf (a h - ai a+c) ( C * +0 ( j_ ) 

V V lo g(i/<5)/ 

being h = — lim z ^ z~ 3 h(0, 0, z, 0, 0) . 

Remark 2.6. The asymptotic formula provided in Theorem |2.5| for the distance d u ' s has the same qualitative 
behavior as the one proved in [5] in the conservative setting for the regular case. The main difference between 
both formulae is about the constant C* . While in Theorem |2 . 5| this constant depends on the full jet of /, g, h 
and (at the moment) can only be computed numerically, in the regular case C* is completely determined 
by means of the Borel transform of some adequate analytic functions depending on f(0, 0, u, 0), g(0, 0, u, 0). 

Before we proceed, we introduce some notation that we will use for the rest of the paper. On one hand, 
in C™ we will consider the norm |.| as: 

|(zi, . . .,z n )\ = \zi\ H h \z n \, 

where \z\ stands for the ordinary modulus of a complex number. On the other hand, B(r$) will stand for the 
open ball of any vector space centered at zero and of radius tq. Moreover, we will write B n (ro) to denote 
B{r )x «). xB{r ). 



2.2. Existence of complex parameterizations in the outer domains 

As it is usual in works where exponentially small phenomena must be detected, the first thing we have to 
do in order to prove Theorem |2.5| is to provide parameterizations of the one-dimensional invariant manifolds 
of the critical points S±(8,a). Moreover, these have to be defined in some complex domains that are close 
to the singularities of the hctcroclinic connection of the unperturbed system. 

However, first we will introduce some changes of variables that will simplify the proof. The first one 
consists in performing a change that keeps the corresponding critical point constant with respect to the 
parameters. For instance, to prove the existence of a complex parameterization of the unstable manifold of 
5+ (8, a) we perform the 0(5)-c\ose to the identity change C" defined by: 

(x,y,z) = Cf(x ) y,z,8,8a) = (x - x + {8, a), y - y+(5, a), z - z + (6,a) + 1), (9) 

obtaining a system of the form: 

~ = x(a- dz) + f a ( Sa ) + c g ) y + 8~ 2 f u (5x, 8y, Sz, 8, 8a), 
dt V o / 



dy ( a{8a 

~dt 

dz 
dt 



-1 + b(x 2 + y 2 ) + z 2 + S~ 2 h u (8x, Sy, Sz, 8, 5a), 



where / u (0, 0, 8, 8, 5a) = g u (0,0,5,5,5a) = h u (0,0,5,5,5a) = for all 5, and hence has the critical point 
S+(8, a) fixed at (0, 0, 1). Moreover / u , g u and h u are analytic and of order three in all their variables. 
After that we do the change: 



(r),r),v) = C 2 (x,y,z) = (x + iy,x - iy, z Q 1 (z)), (11) 

where Zo(t) = — tanhi is the third component of the heteroclinic connection To(t) of the unperturbed 
system. Then we obtain a system of the form: 

— = - y- +cz (v)J ir] + r] (a - dz (v)) +8~ F?(8r),8f), 5z (v),5, 5a), 

J = (| +cz (vfj if] + fj (a - dz (v)) + S- 2 F£{5n,Sf),5z (v),S,5a), (12) 

dv brjfj + 5~ 2 H n (5ri,5fj,5z a {v),5,5a) 

dt = + -l + zl{v) ' 

where, again, F"(0, 0, 8, 5, 5a) = F£(Q,0,8,8,8a) — H u (0,0,8,8,8a) = for all 8 and are of order three, 
since: 

r,"(,>,/. ^.lofrU.^) = f " ' . z (v), 8, Sa^j + ig» (^^-, fc^, <fcr) , 

F^(8rj,8fj,z (v),8,8a) = f u ( " w ' — , " v/ — , z (v ), 8, 8a ) - ig n ( ^-z — ,z (v),8,8a), 



8{r] + 


n) 


S(n- 


v) 


2 




2 




8(r) + 


■ft) 


s(v- 


ft) 


2 




2 




S(r) + 


ft) 


8{rj- 


ft) 



H*{8n,8n,z (v),8,8a) = h" ^ v ' 2 " , " , z (v), 8, 8a j . (13) 

To prove the existence of the stable manifold of SL (8, a), instead of the change C" defined in ([9|, we do 
the change: 

(i,y,z) = C{{x,y,z,8,8a) = (x - x_(S,a),y- y_(6,a),z- Z-(8,a) + 1), 

and after that we do the change C%- Then we obtain a system analogous to | |15[ ), where instead of F" and 
H u we have functions Ff, H s such that Ff (0, 0, -8, 8, 8a) = F%(0,0, -8,8,8a) = H s (0, 0, -8, 8, 8a) = for 
all 6. 



Wc will denote: 



V± = V±{S,<y) = x±(S,a) +iy ± (S,a), r)± = r)±(5, a) = r)±(6, a), z± = z±(5,a). (14) 

Remark 2.7. Note that, as /, g and h are analytic functions, and since: 

<W*7± =0(5 3 ), 8{z± T 1) = 0(S 2 ), 

there exist some r^ s , independent of 5, such that for 5 small enough F^' s , and H u,s are analytic in 
(5r],5fj,5z,5,5a) G -B 3 (?"q' s ) x B(5q) x -B(oo) respectively. Moreover, using that they are of order three, it is 
easy to see that if tj> £ B 3 (r^' s ) x B(S ) x B(a ), then: 



I (0) U (0) U ^ U ' S (0) I < # I (01 ,02 , 03 T 5, 04 , 05 ) 1 3 , 



respectively. 



Finally, thinking of rj and rj as functions of v we get the following systems, respectively in the unstable 
and stable case: 



dr) 
dv 



dr} 
dv 



+ czo(v)^j ir) + rj(a — dz (v)) + 5 2 F^ s (5rj, Srj, 5z (v),5, 5a) 



brfij + 6- 2 H u ' s (6r), Sfj, Sz (v),S, 5a) 
+ -l + z 2 (v) 

+ cz (v)j ifj + fj(a- dz (v)) + S~ 2 F^ s (Sr), Sfj, 5z (v),5, 5a) 

brjfj + 5~ 2 H n ' s (5r), Sfj, 5z a (v), S, 5a) 
+ -l + z 2 (v) 



(15) 



We will look for solutions of system (15) £ u ' s (v) — (rj n ' s (v) , rj u ' s (v)) such that: 



lim C{v) = {0,0), 



lim ( s (v) = (0,0). 

v — > + so 



(16) 



After Theorem 2.8 we will justify that, indeed, (r) u > s (v), fj n,s (v), Zo(v)) lead to parameterizations of the 
unstable and stable manifolds of the critical points (0, 0, ±1) of system ( |To| , respectively. 

Once we have obtained a suitable system ( 15 ), the next step is to prove the existence of solutions verifying 
(16 1. The main idea is that system (15) has a linear part which is dominant. More concretely, we denote 
( = (r,, fj) T , F u < s = {F?' s , F 2 U ' S ) T , and we define: 



A(v) = 



+ cz Q (v)j i + a — dz (v) ^ 

^— + cz (v)j i + a - dz {v) y 



and: 



R^ s (()(v) 



1 



67777 + 5- z H u < s (5(, 5z (u), 5, 5a) 



V 



1 



l + z 2 (u) 



A(v)C- 



) 



1 + 



5- 2 F"- s (5(,5z (v),5,5a) 
brjfj + 5- 2 H u ' s (5(, 5z (u),5, 5a) 



-l + z 2 (u) 



Then, in the stable case, system ( 15 ) joint with ( 16 1 can be rewritten as: 

d( 



dv 



= A(v)( + R"(C)(v), 



lim C» = (0,0) 



v—>— OG 



(17) 
(18) 




and the corresponding for the stable one as: 

^=A(v)( + R s (0(v), Um C s W = (0,0). (19) 

As we mentioned above, we will need to find parameterizations of the invariant manifolds defined not just 
for d£8, but in some complex domains that are close to the first singularities of the heteroclinic connection 
T of the unperturbed system, which in this case are v — ±wr/2. We will now proceed to introduce these 
complex domains. We define (see Figure [lj: 

D°^' a = {v£C : \lmv\ < tv/2 -Kdlog(l/8) - tan/3Rev} , 

where 0</?<7r/2, T>0 and k > are constants independent of 5. For technical reasons we will split the 
domain D°^a' u in two subsets, namely: 

D*Too = {« € : Re, < -T} , JjQ* = {v € tig* : Re, > - T ] . (20) 

Analogously, we define: 

r~jOUt,S T-vOUt,U i-jOUt,S 7~vOUt,U 7-jOUt,S _ r-jOUt.U 

Theorem 2.8. Let k > and < /3 < it/2 be any fixed constants independent of S. Then, if 6 > is small 
enough, problem (18) has a solution C u (w) = (i] u (v), fj u (v)) defined for v G D°^^' u , and (191 has a solution 
C, s (v) — {rf{v), fj s (v)) defined for v 6 -D™«' s - Moreover there exists a constant K independent of 6 such that: 



IC U '»I < 



K6 2 \z (v)-l\ </»eflf 



K,/3,OQ ' 

out,* 



K8 2 \zo(v)-l\ 3 ifvZD™% 
where * = u, s respectively. 

The proof of this result is postponed to Section [3j Now we enunciate the following corollary: 
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Corollary 2.9. Let k and < /3 < n/2 be two fixed constants independent of S. Consider r/ u and r/ u the 
ty T 

dv 



functions given by Theorem 2.8. and let v(t) be the solution of: 

bn u {v)f) n (v) + 5- 2 H u (6r) u (v),5f) u (v), Sz (v),S, 5a) 



dt 1 -1 + z§(v) 

such that v(0) = 0. Then, (x u (t) , y u (t) , z u (t)) defined by: 

_ ?7>ft)) +??>(£)) _ V »(v(t))-r(v(t)) 



~z u = z (v(t)), 



(21) 



is a parameterization of the unstable manifold of the critical point (0,0, 1) of system (10). For the stable 
manifold of (0,0,-1), one has an analogous result. 



Proof. Indeed, it is clear that (x n (t),y n (t), z n (t)) is a solution of system (10), since it consists in performing 
the inverse change of C%, defined in (11), for a particular solution of system (12). Hence, we just have to 
check that: 



km (x-"(t),r(t),S u (t)) = (0,0,1). 

t— > — oo 



Note that it is sufficient to prove that: 



lim v(t) = — oo, 

t— > — oo 



(22) 



since, on the one hand zq(v) = — tanh(t>) goes to 1 as v goes to — oo and, on the other hand, from Theorem 
12.81 we know that: 

lim (77»,ry») = (0,0). 



We will prove that (22) holds if v(0) — as follows. Indeed, from (21) it is clear that: 

1 



/ = 



-dw := Q{v). 



Now, from Theorem 

v e D™*' u n R: 



2.8 



o 1 + W 

and the fact that l^oC^) — 1| is bounded for v <E LI^b't ^ ^> ^ ^ s c l ear that for 



\v u (v)\,\v u (v)\<KS 2 \z (v)~l\, 

for some constant K. Using these bounds, that e v is bounded for v 6 D^l' u D K and Remark 
easily seen that: 



2.7 



it can be 



bn u {v)fj u (v) + 5^ 2 H n (Sri u (v),Sfj u (v),Sz (v),d, 5a) 



-l + z 2 (v) 



< K 



I -! + *§(»)! 



< 



4 e 2v + 5e 4v ) < 



if 5 is small enough. Then it is clear that G'(v) = (1 + 3(v)) 1 satisfies: 

1 2 



G'(v) > 



1 + 1/2 3 



> 0. 



(23) 



On one hand, the fact that G'(v) is strictly positive implies that G(v) is strictly increasing. Then G is 
invertible in -D^'" H E, and for v £ D^' u D K we can write: 

v = g- l {t). (24) 

Note that, as G is strictly increasing, so is <5 _1 , and then we have that v(t) < v(0) = for t < . Hence it 
is clear that v(t) g D^g' u H K for all i < 0, and hence (24) has sense for all t < 0. On the other hand, we 
also have that: 

(^ 1 )' = -<-, 
V* 7 g/ - 2 ' 



which implies that: 



(g-\ s )yd s <-t, 



and hence we immediately obtain ( 22 ) . 



□ 



2.2.1. Local parameterizations of the invariant manifolds 

Theorem 2.8 provides us with complex parameterizations of the invariant manifolds, £ u ' s = (?7 U ' S , t? u ' s ), 
which are solutions of problems ( 18 ) and ( 19 ) respectively. However, in order to study their difference, it is 
very useful that both manifolds are given by functions that satisfy the same system in a common domain. 
We proceed to undo the changes Cf for £ u and Cf for £ s . 

Consider: 

V±(u, 5, a) = Zq 1 (zo(u) — z±(8, a) ± 1) — u. 
Let (r] u ' s (v), fj u ' s (v)) be solutions of system |i"5| ) and: 

f(u) = 7 f- s (u + V ± (u, S,a)) + r, ± (S, a), ^(u) = ^-%u + V ± (u, 6,a)) + fj ± (6, a). (25) 

Then wherever V±(u, S, a) is defined we have that (£ u,s ,£ u,s ) are solutions of the following system: 

' a(Sa) 

du 



+ cz (u) ) it; + £ (a — dz (u)) + S f\(<5£, 5£, 5z (u), <5, 5a) 



1 



du 



where: 

F 1 (S^z (v),S,Sa) 

F 2 (6£,8£,z (v),6,5a) 

H(5£,5£,z (v),5,5a) 



a{5a) 



bjj + S- A H(S£, 6£, Sz (u), 5, So) 
-l + zl{u) 



+ cz Q (u) ) i£ + £(o-— dz Q (u)) + 5 2 F 2 (S^, <5£, Sz (u),S, 5a) 
-l + *o(«) 



(26) 



2 




2 




S(Z + 





S(Z- 





2 




2 









6(Z- 






,z (v),5,5a +ig 



V 2 ' 2 



z (v),5, da 



,Zo{v),d,da ) -ig I , ,z {v),5,da 



,z (v),5,5a . 



(27) 



Remark 2.10. From (27), it is clear that -Fi(0), FM0) and H(<f>) are of order three and analytic if = 
(0i, 02, 03) 04, ^5) G -B 3 ( r o) x B(Sq) x B(°~o)- Then we have that there exists some constant K, independent 
of 5, such that: 

(28) 



1^(0)1, |F 2 (0)|,|tf(0)| < K\{<j> X , 2 , 03,04, 5 )| 3 . 



Theorem 2.11. Let k > and < /3 < 7r/2 6e any constants independent of S. Then the one- dimensional 
invariant manifolds of S± (5, a) can be parameterized respectively by: 



zo{u), 



out,* 
k,/3,T> 



where * = u, s respectively, and tp n ' s (u) = (£ u ' s (m), £ u ' s (it)) are solutions of system (26). Moreover, there 
exists a constant K , independent of 8, such that: 



\^> s (u)\<K6 2 \z (u)-if, u€D™;>; T , 

The proof of this result can be found in Section [4] 



for * = u, s. 
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2.3. The inner system 

As we mentioned before, our study requires the knowledge of the asymptotics of the parameterizations 



(p u ' s (u), given in Theorem 2.11 for u near the singularities ±in/2. However, for u ~ in/2 one has that 



ip u ' s (u) ru S 1 , so that they are no longer perturbative (recall that, in the variables (£,£), the heteroclinic 
orbit of the unperturbed system is (£,£) = (0,0)). Hence, it is natural to look for good approximations of 



system (26) near ±in/2 in a different way. Here we will focus on the singularity in/2, but similar results 



(which we will also state explicitly) can be proved near the singularity — z7r/2. 

To study the solutions of system (26 1 near in/2, we define the new variables (ip, ip, s) = C^^, £,u,8) by: 



Recalling that Zq(u) 



i/> = 8t, j> = 8t, 
tanhu, we can write: 



u — in/2 
~8 ■ 



(29) 



zo(in/2 + Ss) 



l(Ss), 



(-l + z^in/2 + Ss))- 1 



-1 
Is 

S 2 s 2 + S 3 s 3 m(8s), 



with 1(0) = 0, 
with m(0) = 0. 



We note that both I and m are analytic if \Ss\ < 1. Then system (26) after performing the change C3 
becomes: 



dip _ - [a + ci-s- 1 +Sl(Ss))] # - ip(5a - ds- 1 + Sdl(Ss)) + F^,^, -s' 1 + 8l(Ss),S,Sa) 

fa ~ 1 + [biplp + Hftf, lj>, -s- 1 + Sl{Ss), 8, 8a)] (s 2 + Ss 3 m(Ss)) : 

dip _ [a + ci-s' 1 +8l(8s))] up -$(6 a - ds- 1 + Sdl{Ss)) + F 2 {ip,xp,-s~ 1 + 8l(8s),8,8a) 
ds 



(30) 



1 + [hpip + H(ip,ip,- 



8l(8s),8,8a)] (s 2 + 8s 3 m(8s)) 



If we set 8 = in this system, we obtain the inner system: 



dip 
Is 

dip 
ds 



— [a — cs 



_ l ) iip + dijjs- 1 + F 1 (ip,ip,-s~ 1 , 0,0) 
l + s 2 '[^ + ff(V»,?,-*~ 1 ,0,0)] 

cs- 1 ) hp + dips' 1 +F 2 (rp,lp,-s- 1 , 0,0) 
l + s 2 [b?plp + H(ip,lp, -8^,0,0)] 



(31) 



Below, we will expose the results concerning the existence of two solutions ^q' s = [iPq' b , ip ' ) of system 



(31 ) which, as we will sec in Theorem 2.15 will give good approximations for the invariant manifolds for u 
near the singularity in/2. Moreover, we will provide an asymptotic expression for the difference — ^ s , 
which will turn out to be very useful in Section [7J 

Given (3q,P> 0, we define the following inner domains (see Figure [2]): 



V 



00, P 



{s G C : |Ims| > tan/3 Res + p}, 



V 



0o,P 



-V 



0o, P- 



and: 



E 



00, P 



^nC^n{«6C : Im S <0}. 



(32) 
(33) 



Remark 2.12. The inner domain 25^' ^ expressed in the outer variables is: 

Df^ p = {u G C : |Im (u - in/2) \ > tan f3 Re u + p8}. 

It is easy to check that for all < /3o, P < 7r/2, if 8 is small enough one has that D"^'" c D 1 ^ n . Analogously, 
we also have that D° u \ ,s C D l a' s „, where D^' a „ — —D l a ,u n . 

K)P P0,P' P0,P P0,P 

Theorem 2.13. Let (3 > and p big enough. Then: 

11 





-*7> 







Figure 2: The inner domain, D v ', 



1. System (31) /ias two solutions \&q' s (s) = {4 , o' S ( s )i' l Po' defined for s G T) l ^* p , with * = u, s respec- 
tively. Moreover there exists a constant K, such that: 



|*S"(*)I<*> 



-3 



2. Consider the difference: 

There exists C\ n G C and a function \ ■ Ep 0<p 

A*o( s ) = S !i e _i ( as_ ( c + Q,lo ) lo s s ) 



C 2 smc/i i/ia£: 



Ci rl 





X(s) 



(34) 



where ho = limR e s^oo s 3 _ff (0, 0, — s 1 , 0, 0) and x = (xi, X2) satisfies: 



\Xi(s)\<K\s\-\ 
Moreover, C m ^ if and only if A^q =/= 0. 



|x a (s)|<A>| 



The inner system corresponding to system (26) with d = 1 was exhaustively studied in |14j . Moreover, 
the authors used an extra parameter s (not necessarily small) which we take e = 1. Since the proof for the 
case where d is a free parameter and e = 1 is completely analogous, in Section [5] we will give just the main 
ideas of how Theorem |2. 13| can be proved for this case without going into details. 



Remark 2.14. The change (29) allows us to study some approximations of the invariant manifolds and 
their difference near the singularity m /2. However, if we want to approximate these manifolds and their 
difference near the singularity —iir/2, instead of change (29) one has to introduce the following change: 

u + i7r/2 



(35) 



In this case, one can prove the existence of two solutions \1/q' s (s) of the inner system obtained after doing 
change (35), which are defined for s G D 1 ?^* with * = u,s, where: 



£>'"'* = {s G C : s G 2?' n '*}. 



Po,P 
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(a) The matching domain D™ C g' U p r 



(b) The matching domain D™ C g ' B g 2 • 



Figure 3: The matching domains in the outer variables. 



Moreover, for: 



a G E^ p := Vj£ p H Vj* p n {.s G C : Ims > 0}, 
the difference between these two solutions, A^q(s), is given asymptotically by: 



A* (s) = s d e 



d i(as—(c+ah ) logs) 





C'm 



+ X(s) , 



where C m is the conjugate of the constant C- ln in Theorem 2.13 and x = (xi> X2) satisfies that |xi(s)| < |s| 2 
and \x 2 (s)\ < \s\-K 

2.4- Study of the matching error 



Let us recall the domains D K p' T and D K a' T , defined in (20), where the parameterizations tp u ' s of the 
invariant manifolds given by Theorem 2.11 are defined, for some fixed n > and < j3 < it/2. We also 



recall the domains Pg ' ^, and £>^' s p , defined in (32), with p > and < ft < tt/2 fixed, where the solutions 
\I/q' s given in Theorem 2.13 are defined. Now we take ft, ft two constants independent of 6, such that: 



< ft < < j3 2 < tt/2. 
We define Uj G C, j = 1, 2 as the two points that satisfy (see Figure |3j): 

• Imitj = — tan ft Re Uj + tt/2 — k5 log(l/<5), 

• \uj — i(n/2 — K<51og(l/<5))| = (5 7 , where 7 G (0, 1) is a constant independent of S, 

• Re ui < 0, Re«2 > 0. 

We also consider the following domains (see Figure [3]): 

J^ ,U A ={«6C : Imu < - tan ftReu + tt/2 - /cdlog(l/<5), Imti < -tan ft Re-. 
Imu > Imui - tan (^^j (Reu- Reui)} , 

and: 



(36) 



7r/2-«51og(l/«y), 



D 



mch,s 



We note that there exist two constants K\ and K2, independent of 6, such that: 

K^ 1 < \uj - wr/2| < K 2 5"i, j = 1, 2. 
13 



Moreover, for all u G D^ C R '* H , * 



- u, s, we have: 

/ccos/3i<51og(l/(5) < \u-in/2\ < K 2 F . 



(37) 



Note that from (36) and (37) we have D" 



mch.i 



We also define the matching domains in the inner variables: 



C ^^'t and -D™^'^ C -D^T' ^ ^ ^ s smau enough 



u, s 



and: 



It is clear that: 



Uj — in/2 



K^- 1 < \sA < K 2 S~<- 



3 = 1,2. 



3 = 1,2, 



(38) 
(39) 



and that for all s 6 2? JTfli'/lfe' wriere * = u, s, we have: 



Using that -D™^'^ 2 C -D^'y and Remark 



k cos /3ilog( 1/(5) < |s| < i^ 7 " 1 

inch,* 



2.12 



it is clear that D™" 1 '* _ C ©J?'* if <5 is small enough, * = u, s. 



The main result of this section is the following 



The orem 2.15. Let ^ u,s (s) = Sip n,s (5s + in/2), where ip n,s are the parameterizations given by Theorem 
Then, if s £ ^^Pi*p 3 i f or * — u , s ; one has ^ u ' s (s) = \&q' s (s) + ^\' s (s), where ^^{s) are the two 



2.11 



solutions of the inner system (31) given by Theorem 2.13 and there exists a constant K, independent 

of 5, such that: 

|*?' s (s)| < K8 x -"<\s\- 2 . 
This Theorem is proved in Section [6] From this result, the following corollary is clear: 
Corollary 2.16. For u £ D™*'**, where * = u, s, we have that: 



u — in/2 



u — in/2 



where ty ' are the two solutions of the inner system (31) given by Theorem 2.13 and: 

-2 



9? 



u — in/2 
5 



< K5 1 -" 1 



u — in/2 
S 



for some constant K. Note that, as for u 6 £^g 1 '8 2 > \ u ~ wr/2| > KS\og(l/S), from this last inequality we 
obtain: 



u — in/2 



< 



Kb 1 —* 
log 2 (W 



and since 7 € (0, 1) we obtain that \I/q' s are good approximations of (p u,s in D™ C a' U a and -D™^'^ respectively. 

Remark 2.17. Theorem |2 . 1 5 1 and , more precisely, Corollary |2 . 16| provide us with a bound of the difference 
between the invariant manifolds (p n ' s (u) of Theorem 



2.11 



and the functions \&Q ,s ((it — in/2)/ 5) given by 
Theorem 2.13 when u is near the singularity in/2. One can proceed similarly to study this difference near 
the singularity —in/2 as we pointed out in Remark 2.14 In this case, defining: 



D 



mch,* 
'k,/3i,/3 2 



{se 



sGD 



mch,* 



for * = u, s 
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we would obtain that for u € D 



mch,* 



one has: 



1 (x,vl, b (u + in/2\ l ^ s f u + in/ 2 



where ty Q ' are the two solutions of the inner system derived from the change (35) in Remark 
for some constant K. 



2.14 



and: 



2.5. Asymptotic formula for the splitting distance 

Theorem 2.18. Let ip n , tp s be the parameterizations given by Theorem 
define its difference: 

Aip(u) = tp u (u) - tp s (u). 
Let Cj n G C be the constant in Theorem \2.13\ If C m 7^ ; then: 



2.11 



For u e n out ' u n n out > s we 



(40) 



Aip(0) = 5- {1+d) e-^ e f (c+"o/m-ai CT ) 



— ^ ( <^ + E^ho +(c+Qo feo j log a) 



1 

log(l/<5) 



where ho = — lim z _>o z 3 H(0, 0, z, 0, 0), «o = cc(0) <*! = c/(0). 



Remark 2.19. Note that from Theorem 2.18 doing the inverse of change C2 (defined in (11)) and taking 
norms, we obtain Theorem 2.5 with C* = \C- ln \. 

In this section we will give the main ideas of how Theorem |2.18| can be proved. The full proof can be 
found in Section 

First of all recall that both (p u and <f s satisfy equations (26). We will decompose system (26) in a more 
convenient form. For that we define: 



/ 



A(u) 



-, _ 8h z%(u) 
-l+4(u) 



^— + cz Q (u)j i + a - dz (u) 

^— + czq(u)j i + a - dz (u) 



(41) 



5 2 F(5ip,5zo(u),5 1 5a) 

-1 b^^+S- 2 H(S v .Szo(u),S,Sa) 



1 , b££+8- 2 H(S V .8z (u),S,S a) 
+ -l+z^u) 



, _ 8h zl(u) 
-l+^o(«) 



A(u)<p. (42) 



Then, system ( 26 ) can be written as: 



du 



A(u)(p + 3l((p)(u). 



(43) 



Since ip n and <p s satisfy system (43), it is clear that its difference Ap = tp u — ip s satisfies: 



dA<p 
du 



= A{u)A<p + %(<p u )(u) - 3l{cp s )(u). 



Following llj, using the mean value theorem we can still rewrite this equation as the following linear 
equation: 

^ = A(u)Acp + S(u)A<o, (44) 
du 
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with: 

fl 



T>(u) = DD?((1 — X)ip s — \ip u )(u)d\. (45) 
Jo 

We observe that we can think of the matrix 23 as just depending on u, because the existence of ip u and tp s 
has been already proved in Theorem |2.11| 



The point of writing the system for Aip as (44 1 is that, as we shall see, we split it into a dominant part, 
the one corresponding to the matrix A(u), and a small perturbation, which corresponds to the the matrix 
23 (u). This will allow us to find an asymptotic expression for Aip(u), with its dominant term given by the 
solution of the system: 

^ - A(u)A<p. (46) 
du 



Lemma 2.20. For u £ -D^'r H D™t' B T , a fundamental matrix of the homogeneous system (46 1 is: 



with: 



mi(u) = cos h d ue- mu ^e au e ahol i-^ sinh2 u+loscosh ^e lcl °s coshu (l + O ( i^p/gj ) 
m2 ( u ) = cosh £i !1 e m "/ i e ,T "e- a ''° , H si » h2 "+ lo e» sh i-^'>g»«''« (i+Q^—^ 



(48) 



The proof of Lemma 48 will be given in Section [7] 

In the following we shall give an heuristic idea of how the asymptotic formula given in Theorem [2J8| can 
be found. For simplicity, we will focus just on the first component of Aip, that is A£. 

Let us omit the influence of B, that is assume that B(u) = 0. Then, any solution $ of (44) can be written 

as: 

Ci 



$(m) = M(u) 

1 c 2 

for certain c%, C2, and its first component is m 1 (u)c 1 . Hence, A£(u) = mi(u)ci for a certain c%. The main 
idea is that A£(u) is bounded when u 6 D°^b 't ^ ^k^'t- The ^ rs * thing we observe is that from the 
asymptotic expression of m\{u) in Lemma 2.20 wc can already sec that A£(u) has an exponentially small 
bound if u € K. Indeed, it is clear that when u ~ m/2 we have that mi(u) ~ e"^ , that is exponentially big. 
Then, c\ has to be ~ e~"27 for A£(u) to be bounded, i.e. it must be exponentially small. As a consequence, 
when u € M we have that A£(it) = m 1 (u)c 1 is exponentially small. 

However, we do not want a bound of A£ but an asymptotic formula. Thus we have to find the constant c\ 
that corresponds to A£, or more concretely a good approximation c\ of it. We recall that near the singularity 



in/2 we have a good approximation Aipo of A£ given by the study of the inner equation in Theorem 2.13 
Then, if we consider the point: 

u+ =i - KcHog(l/£) 
it is clear that the initial condition c\ satisfies: 

c 1 m 1 (u + ) = A£(u + ) « S^Atpo 

From Theorem 12. 131 we know that: 



itt/2 



where A = ft log(l/<5), and therefore: 
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so that taking: 

4 = m^\u + )^^e- aX+ ^ c+ah ^ ^-^C h 
we obtain a good approximation A£ (u) of A£(u) defined by: 

A£ (w) := mi(u)c°. 



Using the bound of the matching error given in Theorem 2.15 it can be proved that A£ (w) is the dominant 
part of A£(it). Then, computing explicitly the asymptotic formula of A£o(0) one obtains the first component 
of the dominant term of the formula given in Theorem 2.18 As we will see in Section [7J c\ does not depend 



on k. 

For the second component, A£, we can repeat the same arguments, but using the singularity — in/ 2. 



Finally, this procedure can be adapted to the whole system (44), using the fact that, indeed, 23(u) is small 



3. Proof of Theorem 



In this section we will prove Theorems |2 . 8| and |2. 1 1 1 However, in order to do that, first we need to define 
suitable Banach spaces in which we will work, which are the following: 



^out,* = I ^ . D out,* ^ c . ^ ana i y tic, 



where * = u, s, and the norm || ■ || out defined as: 



sup |(j8b(») + i) sup \(z (v) + iy 3 (i>(v)\, 



DUt.S _ r-.OUt,B 

<e,f>,oo veD nJ,T 



sup \(z (v)-l) sup \(z (v)-l) 8 



(49) 



In the product space X ont '* x X out '*, with * = u, s, we take the norm: 

ll(0i,&)IIS2U = ll^llout + (<h,fa) g * out '* x x out '* . 

Below we will introduce some notation that will allow us to see C u,s as fixed points of a certain operator. 
Given a and c, we define the linear operators acting on functions 4>\ £ p^out,* . 

cosh* v f -e iar / s e^ 9 r(v,r)Mv + r)dr, (50) 

J T oo cosh [v + r) 

where * = u, s, — corresponds to u and + to s, and: 

g u (v,r) = e ic (r+i°g((i+e 2 ")/2)-i°g((i+e 2(l,+, ' ) )/2) ; g s (v,r) = e * c (-''+ 1 °g(( 1 + e ~ 2l ')/ 2 )- 1 °g(( 1 + e ~ 2(l ' + '' ) )/2) ; 

Remark 3.1. One might think that instead of taking g c , it would be more natural to take: 

g c (v r) — e ic { l °g cosh - v - lo & cos H v + r )) 



see that if v,r £ D™^'*, * = u, s, the function g c is not well defined. On the contrary, the function is 
always well defined for v, r £ D™l' n and g s c is well defined for v,r £ D™ 



Although g^(v, r) — g s c {v 1 r) — g c (y, r) if v, r £ K, this is not the case when v, r £ C. In particular, one can 

iut,- 

UP 

„ r- n° 

UP 

Now, given a function <f> = (</> l5 (f> 2 ) £ X° ut <* x X out '* we define the linear operator: 

L u ' s (^) = (£^ c (0 1 ) ) i^ > _ c (^)). (51) 
17 



Lemma 3.2. With the above notation, if a bounded and continuous function £ u,s 
* = u, s respectively, satisfies the fixed point equation 



D 



K,0 



L u ' s oR u > s (C' s ), 



C 3 , with 



(52) 



then it is a solution of (18 1, (19) respectively. 



In the rest of this section we will prove the following result, which is equivalent to Theorem 2.8 



Proposition 3.3. Let k > and < [3 < tt/2 be any fixed constants independent of 6. Then, if 6 > is 
small enough, problem (18) has a solution £ u defined in D^p u , and (19) has a solution £ s defined in D^^ 5 , 
both satisfying that C, u,s = £q ' s + £"' s with the following properties: 

1. Co' S — -k u ' s ° -R u,s (0) € X out >* x A" out '* and there exists a constant K independent of 5 such that: 

IICCt,x < K§2 - 

2. ^-J 1 ' 8 € A" 011 ''* x A" " 4 '*, 0716? £/iere exists a constant K independent of 5 such that: 

K 



U,S II U,S 



icrii 



< 



log(l/<5) 



1 1 >U.S II u.s 

1 1 S»0 llout, 



where * = u, s respectively. 



From Proposition 3.3 we obtain solutions £ u and C s of systems given in (18) and (19) respectively. Note 
that by the definitions of A" out ' u and A" out ' s , and since C u € X ont ' u and C s € X out ' s , we know that: 



lim 

Re — 



lim C(v) = (0,0). 

He v— f +oo 



From now on, we will focus just on the parameterization of the unstable manifold, C u > being the proof 
for the stable one completely analogous. For this reason, if there is not danger of confusion, we will omit 
the superindices — u— of £, X out , Z}~ u a, etc. Moreover, we will not write explicitly the dependence on v of 
C (or any function belonging to X° ut ). Finally, in the rest of the paper, if no confusion is possible, we will 
denote by K any constant independent of 5. Obviously, these constants K will depend on k and /3, which 
we will consider fixed. 

Before proving Proposition |3.3| we will present some technical results. 



Lemma 3.4. Let 



i) 2 e 



such that \<j)x\ 
1 



1 



h\ < 1/2. Then: 
! 41, 



1 



Lemma 3.5. Let f : C" — > C be any function that is analytic in some open ball B(tq) x ■ ■ ■ x B(tq) C C n , 
and assume that there exists some (j)* £ C™ such that for all tfi £ B(tq) x • • • x B(tq): 



* i fe 



(53) 



for some constants K > and k £ N. Take (f> £ B(tq/2) x • ■ ■ x B(tq/2) and assume that <fi — <fi* £ 
Then there exists a constant K such that: 



S(rJ)x-..xB(rff) 
where Dj denotes the derivative with respect to the j — th component <pj . 



(54) 



Corollary 3.6. Let F£, F£ and H u the functions defined in Q. If( £ X out x X out is such that ||C|| 
5 2 C for some constant C , we have that for 5 small enough: 



< 



IDjFTiSC, Sz (v),S, HI, \DjH u (S(, 5z (v),6, Sa)\ < 



KS 2 

K6 2 \z (v)-1\ 2 



ifv£ D^ ut 



if v £ Z?£ ut 



/3,oo' 
it 

k,P,T- 



(55) 
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Proof. We will prove this result just for D\F±, being the other cases analogous. Note that for <5 small enough 
(5(,5zo(v)) £ B 3 (tq/2) since by the fact that ||C||out,x < S 2 C and the definition (49) of the norm ||.|| ut.x 
we have: 



C5 3 \z (v) - 1| < S 3 C < rfj2 

\K{v)\ < I __ 3l , . 1l3 ^ u .„ 

C6 3 \z (v) - 1| 3 < 3 < r u /2, 
log (1/*) 



(56) 



and: 



K5 < rg/2 
K 



Iog(l/5) 



< rg/2, 



For the same reason it is clear that Szq(v) — S £ B(tq) for 6 small enough, and then <f> — <fi* £ B 3 (r^) x 
B(5q) x B(a ). Then we just have to take = ((5(, <5 zo(v), S, 5a) and </>* = (0,0,0,(5,0,0) in Lemma [3^5 
since by Remark 1 2. 7| we have: 



\F?(5C, 6zo(v), 6, Sa)\ < K\(5(, z Q (v) - 6, S, Sa)\ 3 = K\<f> - 0*| 3 , 
and then by Lemma |3.5| we have: 

iDii^C, Sz (v), 6, Sa)\ = | D X F^)\ < K\<j> ~ 0*| 2 = K\(5(, 6(z Q (v) - 1), 6, 6a)\ 2 . (57) 



Moreover, since, by (j56]), |<5CI < ^ 3 C|z (v) - 1| if v € £>^ i00 and | <5"C 1 < S 3 C\z {v) - 1| 3 if v € D%$ tT , it is 
clear that: 



^|^ (i 



1 



if^^ i00 , 



for some constant K. With this bound and (57) we obtain immediately bound (55). 



□ 



Corollary 3.7. Let F^F^ 1 and H u the functions defined in (13). If S is small enough and ||C||out,x < S 2 C 
for some constant C , there exists a constant K independent of 8 such that, for i = 1, 2; 



\F?(6C, 6z (v), 5, Sa)\, |ff u (<*C, Sz (v),S, 6a)\ < 



S 3 K\z (v) - 1| 
6 3 K\z (v) - 1| 3 , 



Proof. Again, we will do the proof for F^. Reasoning as in the proof of Corollary 3.6 we know that 
(8(,5zq{v)) £ B 3 (rg) if S is sufficiently small. Then, by the mean value theorem we have: 

\F?(6(,5z (v),6,5a)\ = \F?(5(,Sz (v),5, 8a) - Ff»(0,0,5, S, 8a)\ 



< 



\DF?(\6(, 6 + X6(z (v) - 1), S, Sa)\d\ ■ \8((v), S(z (v) - 1)|, (58) 



provided that F?(0, 0, 6, 8, da) = 0. By inequality ([56]) and the fact that, for v £ D%p T , \z (v) - 1| < KS' 1 , 
one can easily deduce that |<SC(w)| < K\6(zo(v) — 1)|. Using this fact and reasoning as in the proof of 
Corollary 3.6 to bound \DFi(\S(, 8 + X8(zq(v) — 1), 8, Sa)\, inequality (58) yields: 

8 3 K\z (v) - 1| 



\F?(S(,5z (v),S,6a)\ < 
and the claim is proved. 



S 3 K\z (v) 



□ 



Lemma 3.8. Let w £ LB"*. Then: 
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1. Ifw€D%$ t00 , one has: 

e \Rew\ 

I cosh w\ > . 

4 

2. If we D%$, then: 

| e ±iclog((l+e 2 ™)/2)| < &C -k 

Lemma 3.9. There exist constants K\, K%, K3 and K4, independent of 5, such that 

1. If w £ D^ u p T and lmra>0, then: 

(a) Kx\w - iir/2\ < | coshw| < K 2 \w - m/2\, 

(b) K 3 \w - «r/2| < \z (w) - IT 1 < K A \w - in/21 

2. If we D% ut 0T and lmra<0, then: 

(a) Kt\w + m/2\ < | coshw| < K 2 \w + wr/2|, 

(b) K 3 \w + m/2\ < \z (w) - < K 4 \w + in/2\, 

Lemma 3.10. If v G D^ u p and w = v + re l ^^ s \ with r G BL r > and s G (0,(3/2], then there exists a 
constant K ^ independent of 5 such that: 

\w±in/2\ > K\v±m/2\. 

Lemma 3.11. If v € D^t and w — v + re l ^~ s \ with r G R, r > and s € (0, /3/2], £/ien there exists a 
constant K independent of 5 such that: 

1. (a) I coshv| < K I cosh to|. 

(b) Moreover, if w G D™^ ^ i/ien: 

l C0S M < ife -|rcos( 7 r-^/2)|_ 

|coshw| — 

2. |zoH-l| < K\zo(v) - 1|. 

Lemma 3.12. Let R > be a constant big enough, and v G W^e define the complex path: 

rf = {w G C : w = re^"^ 2 \ r G [0, R]}, (59) 



Then, if a, c, S > 0, the linear operator L a c defined in (50 1 can be rewritten as: 



L a , c {4>) = - 1™ / f c (v,w)<j)(v + w)dw, 

R— f+OO /pR 



w/iere (j) & X an d: 



f c (v,w) = - C law/S C aW c H™+'°g((l+« 2 ")/2)-log((lW i( " + m) )/2)] /gQ) 

cosh d (u + iw) 

Remark 3.13. For L_ Q! _ C (0) we get the same result but in curves of the form IY := {w G C : w G rf }. 

With these previous lemmas we can prove the following proposition, which characterizes how the operator 
L = (L atC ,L- a - c ), defined in acts on X out x X aut . 

Lemma 3.14. The operator L : X out x X out X° ut x X out is well defined and there exists a constant K 
independent of 5 such that for all (j) G X out x X out : 

||£(^)||out,X < K8\\<t>\\out,x- 
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Proof. We just need to bound ||i a ,c(0)||outj since the case for ||i_ a) _ c (0)|| out is completely analogous. Note 
that by Lemma 3.12 we have that: 



\L a ,c(<l>)(v)\ 



lim / f c (v,w)4>(v + w)dw 



where Tf was defined in (59 1 and f c was defined in (60). Now, parameterizing the curve by j(r) = 
re n P/ 2 \ with r € [Q,R], we get: 



\L*,c{4>){v)\ = 



lim / e^-PWfciv.re^-P/V^v + re^-Pl^dr 



cosh v 



cosh^ + re^-/ 9 / 2 )) 



3 c (w,r)(/.(v + re l ( 7r " ,3 / 2 ))dr 



where: 



3 c («,0=5c(«,re^-' 3 / 2 )) = e 
First we will see that there exists a constant K such that 

cosh d v e° 



i C (re*<"-^ 2 )+log((l + e 2 ")/2)-log((l+e 2 ("+'' cl( ' r "' 3/2) ))/2)) 



On one hand, if re i( ^-^/ 2) e then by part 



cosh d O + re^-* 3 / 2 )) 

of Lemma 



(61) 



lb 



3.11 



we have that: 



cosh v e° 



cosh d (w + re^-P/ 2 ^) 



< ^ e -dkco S (7r-0/2)|| e <Tre<"-' 9 / 2 »| < ^g(k|-d)|r cos(7T-/3/2)| < ^ 



because |<r| — d < 0. On the other hand, if re 1 ^ ^ /2) € -D^j y it implies that r < r* for some r* < +oo 
independent of S. Then, by part [la] of Lemma |3.11| we have that: 



cosh ve 



cosh d (u + re't"-^/ 2 )) 



< K\e are ^~ f "' 2) \ < Ke lallrcos ^^ 13/2)1 < Ke^ r " cos (*-P/ 2 )\ < Ke^ r * cos (*-P/ 2 )\ , 



This finishes the proof of (61 1. 

Now, to bound g c (v,r) we just use item [2] of Lemma 3.8 



\g c (v,r)\ = | e -(- l( "- 3/2, +iog(i+ e 2 ")-ios(i+e 2< " + " cl< ^ /3/2>) ))| < 



-dm re 



Hence, using bounds (611 and (62) we have, for v £ D- 

r+oo 

|ia,cW(»)| <^ 2 



out, 



-em/5 



\(j>{v + re i{ -*-W)\dr. 



(63) 



Now we distinguish between the cases v € -DH U J oo and u € D^k T . On one hand, if v G -D^ u « x we have 



i> + re 



i(7T-/3/2) 



e D%$ t00 and then by part |] of Lemma 



3.11 



|i c ,cW(«)| < ^e 2CT ||^|| 



+ 00 



g-ofrinC*-^)/*^^ + re'WQ) - l\dr 



< Ke 2OT ||0||out,xko(«)-l| / e-^^'-Wdr. 



(64) 
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On the other hand, if v € DS U * , let r* be the value such that v + re K*-PW e D°"t ^ n £>out ^ Then . 



|£«,c(M«)| < ^e 2c7r ||0|| out , x / e -™^/ 2 ^|z (« W ( ^ /2) )-l| 3 dr 



+ / e - Qrsin ( 7r ^/ 2 )/ 5 |z ( U + re^-' 9 / 2 ))-l|dr 



|out,x / e - OTsin( ^ /2)/5 M«)-l| 3 dr 



z (w) — llrfr 



< Ke c,r ||<,'i|.,m .> 



+00 



-or sin(7r— /3/2) /(5 



where we have used part [2] of Lemma 3.11 again. Now, since for v G -Dr 1 ^ t we have that |zo(^) — 1| < 
i^|z (u) — 1| 3 , this last inequality yields: 



\L a ,M(v)\ < Ke 2c "U\\ outtX \z (v) - 1| 3 / e -ar*nfr-W)/t dr 



(65) 



Hence, from (64 1 and (65) we can write: 



\L a ,c(4>)(v)\ < Ke 2c *U\\ out , x \z (v) - 1|" / e -*r S in(,-p/2)/8 dr 



where v = 1 if v € ^ and ^ = 3 otherwise. 

If we compute the last integral explicitly we get that: 



|ia ' c(0)(t ' )l " 6 aM^/2) moatMv) ~ ir ' 



and then, by definition (49 1 of the norm ||.|| ut, the result is clear. 



□ 



With Lemma |3.14[ the first part of Proposition |3.3| will be proved. Concretely, we will demonstrate the 
following: 



Lemma 3.15. The function £0 = LoR(0), where R was defined in (17) and L in (51 ), belongs to ^' out xA' out , 
and there exists a constant K independent of 5 such that: 

||Co|Ut,x < K5 2 . 



Proof. By Lemma 3.14 it is clear that we just need to prove that ||-R(0)|| O ut,x < K8. Again, we will just 
bound the norm of the first component of i?(0), that is i?i(0), being the second one analogous. 

8-*\F?{0,5zo(v),S,6tr) 



By ( 17 1 we have: 



|iJi(0)(«)| 



1 1 S- 2 H"(0,5z (v),S,Sa) 
1 + -l+z$(v) 



< 



5- 2 \F?(0,5z (v),8,5o-) 



1 - 



S- 2 Hv(0,Sz (v),6,6<t) 



First we will prove that, for v € D^^. 



1 - 



8- 2 H"{0,Sz (v).S,Sa) 
-l + z 2 (v) 



< 2. 



(66) 



3.7 



Indeed, if v € D^ n g ^ by Corollary 

S- 2 H u (0,6z (v),S, Sa) 



-l + z 2 (v) 
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(67) 



where we have used that 2e v cosh v = e 2v + 1 is bounded in -D~ U J ^ and that 8 is sufficiently small. Otherwise, 



if v G D 1 ^ 1 ! T , again by Corollary 



3.7 



we have: 



5- 2 H u {0,Sz (v),5, 8a) 
Now, using Lemma|3.9| we have 



-l + z 2 (v) 



< 



K8\z (v)-l\ 3 
I - 1 + ^(^)1 



8K8e 3v 
I cosh v I 



1 



< 



1 



< 



|coshu| - K x \v^m/2\ ~ K x 8\og{l/5y 

since \v =p iir/2\ > K5\og(l/5) in D^. Moreover, for v G -D^ U J t ^ is clear that e 3v is bounded. Therefore 
it is straightforward to see that: 



6- 2 H u (0,6z (v),S, 8a) 



-l + z 2 (v) 



< 



K 



log(l/£) 



< 



(68) 



if 8 is small enough. Then, from (67) and from (681), bound (66) holds true 



Finally, from ( 66 ) and using again Corollary 



3.7 



|iZi(0)(«)| < 2\5- z F?{0 1 5z Q (v),8,8a)\ < 



it is clear that: 

K8\z (v) - 1| 



and then from the definition ( 49 ) of the norm 



X,5|zo(«) - 1| 3 , 
ou t we obtain the statement immediately. 



□ 



We enunciate the following technical lemma, which due to Angenent |15j will simplify the proof of the 



second part of Proposition 3.3 



Lemma 3.16 (|15j). Let E be a complex Banach space, and let f : B r — » Bg r be a holomorphic mapping, 
where B p = {x e E : \\x\\ < p}. 

If 9 < 1/2, then /| is a contraction, and hence has a unique fixed point in Bg r . 

The following result will allow us to finish the proof of Proposition |3.3| 



Lemma 3.17. Let T := L o R and B(r) be the ball of X° nt x X ont centered at the origin of radius r = 
8 1 1 Co 1 1 out , x • Then, J- : B(r) — > B(r/A) is well defined. Moreover, there exists a constant K independent of 8 
such that if £ € B(r): 

WHO - Co|U,x < wim ^HClU.x- 

Proof. Note that it is sufficient to prove the inequality. Indeed, suppose that it holds, then taking £ € B(r) 
and 8 sufficiently small we have: 



WHO llout,x <ll^(0-Coll out,x i II SO Ik 



< 



1 

log(l/5) 



tf||CHout,X + IICollc 



1 

< -r 



1 1 

-r = -r, 
8 4 ' 



that is T(() e B(r/A). 
Now, recall that: 

.F(C) - Co = L o R(C) - L o R(0) = L o (i?(C) - i?(0)), 
where R was defined in (|17j). In order to make the proof clearer, we will decompose R as: 



R(0(v) = S(C)(v)+T(C)(v)-C, 
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where: 



5- 2 F u (5(,6z Q (v),5, 8a) 
brm + S- 2 H U {5(, Sz (v),5, 8a) 



, T(()(v) 



-l + z 2 (v) 



br]fi + 5-'H u {5(,6z (v),5, 8a) 



-l + z 2 (v) 



A(v) 



Then we have that: 



R(C)(v) - R(0)(v) = S(C)(v) - S(0)(v) + T(C)(v) ■ (. 



Now we shall bound these two last terms separately. We will begin by S(() — S(0), and we will do it using 
the mean value theorem: 



S(()(v) - S(0)(v) = / DS(XO(v)dX-C 
Jo 

So we just need to bound DS(XQ(v) with A € [0, 1]. We claim that: 

\DS(XQ(v)\ < 



K 



8\og\l/8) 



(69) 



To prove that, we introduce the auxiliary function: 



S(0) 



r 2 (^ 2 + g u (^,fe,^i4,4)) 
-i + s- 2 4 



Observe that one has: 



DS(X0(v) = s{d^S(<f > ),d <t>2 S( ( f > ) 
Now, it is clear that S is analytic in the open set: 



(70) 



U := B i (r^)xB(8 )xB{a )n\ (0i, 2) 3 , 04, 5 ) e C J x 



<T 2 . 



102 + H U (4>i, 2 , 03, 04, 05)) 



-1 + 6 



-2i2 



< 



For 8 small enough this set is not empty since: 

(0,0,0,5,0) £ B 3 {r^) x B{8 ) x B(a ), 
and, since H u (x, y, z, 8, a) — 3 (x, y,z — 8, 8, a) and is analytic in B 3 (r^) x B(8 ) x B(a ), we have: 

\S- 2 H u (0,0,0,S,0)\ <KS<^. 

Let < r% < such that B 3 {r%) x B(S Q ) x B(a ) C U. Then, by definition of U, the fact that F u is 
analytic in U and that F n (x, y, z, 8, a) = 3 (x, y,z — 8, 8, a), it is clear that: 

|5(0)| < 26- 2 \F u (<p ll 2 , 03, 04, 5 )| < r 2 ^|(0 1 , 02, 03 - 8, 04, 5 )| 3 . 

Then taking G B 3 (r%/2) x B(8 /2) x B(a Q /2) and 0* = (0,0,(5,0,0), since we have that - 0* € 
£? 3 (^o) x £>(<5o) x B(a a ), if (5 is small enough. Hence, by Lemma 3.5 we obtain that: 



0^(0) <<5^^|0-0*r = 1(01,02,03 "<5, 04,05)1' 



*,i = i,2 



(71) 



where Sj denotes the j-th component of S. 
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Note that we can apply (711 to <j> — (5X(,5z (v),5,5a). Indeed, since ||AC||out,x < ||Co||out,x < K5 2 , it 
can be easily seen that for 5 small enough and v G -D™g' U j we have that (5XC,5zo(v),5,5a) e £> 3 (rQ/2) x 
B(5 /2) x B((T /2), for all A G [0, 1]. Then, since \S\, \5a\, \5\(\ < KS\z {v) - 1|, we obtain: 



d^SjiSXCSzoivUSa) < S- 2 K\(8\(,6{z {v) - l),6,8a)\ 2 < K\z (v) - 1| 2 < 



K 



S 2 log* (1/6) 



Using this last bound in equality (70), bound (69) is clear. Then, (69) and the mean value theorem yield: 

K 



that is: 



|S(C)(tO-S(0)(t;)|< / \DS{K,v)\dX-\C{v)\< 
Jo 

||5(C) -5(0)|| out>x < 



K 



5\og z {\/5) 



5\og 2 {\/5) 

IICI|out,x ■ 



\C(v)\, 



(72) 



Now we shall proceed to bound T(()(v) ■ £. Recall that: 

|C(«)I < ||ClU,x|*b(«) - ir < r\z (v) - ir = 8||Co||out,xNo(«) - ir < K5 2 \z (v) - (73) 

where v = 1 if v G D™p x and v = 3 otherwise. Then, on the one hand, Corollary 3.7 and the fact that for 
v G D^p oo we have \z (v) + 1| > K yield: 



brjfj + 5- 2 H u (5(, 5z (v), 6, 5a) 



-l + z 2 (v) 



< K 



(5 4 |zo(t;)-l| 2 +J|zo(z;)-l| 
I -! + *§(«)! 



< K (5 4 \z (v) - l\ 2 + 5) < KS < 



(74) 



if 5 is small enough. On the other hand, if v G D- a T , 



3.7 



brjfj + 5- 2 H u (5(, 6z (v), 5, 5a) 



-l + z 2 (v) 



< K 



< 



""' by Corollary 
5±\z {v)-l\s + 5\z {v)-l\3 



-l + z 2 (v) 



K 



log(l/<5) 



for 5 small enough. Hence, from (74) and (75), using Lemma 



3.4 



we obtain that: 

<K (^o(w)-l| 4 + ^o(^)-l|) 

(75) 

it is clear that for all v G we have: 



1 



< 



K 

iog(iM' 



Moreover, by the definition of the matrix A it is straightforward to see that |A(u)C(t>)| < K5 1 \C,{v)\ 1 and 
hence: 

||T(C) • Cllout.X < f 1/A J |CI|out,x- 

<Jlog(l/tf) 



(76) 



In conclusion, using (72) and (76) it is clear that: 

\\R(0 - J2(0)|U >X = 115(C) - 5(0) - T(C) • Cllout.x <^||Cllout, 

K 



<51og 2 (l/5) 5\og{l/5) 



< 



<51og(l/<5) 



IICII 



out, X ■ 



Finally, by Lemma 3.14 we obtain the desired bound: 

\\L o (R(C) - R(0))\\ ou t,x < K5\\R(() - i?(0)||, 



< 



K 

log(l/5) 



IICII 



□ 
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End of the proof of Proposition 3.3 As we already mentioned, the first part of Proposition 3.3 is proved in 
Lemma 13.151 

On the other hand, note that Lemma |3. 16| and Lemma |3 . 1 7| imply that the operator J- = L o R has a 
unique fixed point C u in the ball of X out x X ont of radiu s 8 1 1 Co 1 1 out, x ■ Then we just need to define C" = C" - Co- 
lt is clear that C u = Co + Ci an d that by Lemma |3.17| 

K K u 

IICl llout.X = IK" - Co ||out,x = |k(C U ) _ -^(OjHout.X < J^TjT^S IIC U ||out,x < l g(x/(5) IKo llout.x, 

and then the second part of Proposition |3.3| is clear. □ 



4. Proof of Theorem [2TTT1 

Again, we will just focus on the proof for the unstable manifold, tp u , being the one for the stable manifold 
analogous. We will also omit the superindices — u— whenever it does not lead to confusion. 

Lemma 4.1. Let V± (u, S, a) — Zq 1 (zo(u) — z±(S, a) ± 1) — u, where z±(S,a) is the third component of the 
critical point S±(S, a). Then, for all u £ D° n p T , there exists a constant CV ± independent of 5 such that: 

\V ± (u,5,a)\<SC v± . 

Moreover, given any constant n, if u £ D™a then for <5 > sufficiently small: 

u + V ± (u,5,a)£D°^. 

Proof. Consider the function f(t) := Zq 1 (z (u) +t(— z± (S, a) ± 1)). It is clear that V±(u,8,a) = /(l) — /(0). 
Moreover, for any u £ D°p ' and 5 > 0, the function / is analytic. Using that: 

1 



-l + zl(u) 



— I cosh 2 u I < M 



Xu£D°% T , 



and that, by Lemma 



2.4 



— z±(5,cr) ± 1| < K8, one can easily sec that |/'(i)| < SCy ± - Then, by the 
mean value theorem, the first part of the lemma is proved. Moreover, using the bound of V±{u, 5, a) it is 
straightforward to check that the second part of the lemma also holds. 

□ 

if « e D$ iT) 



End of the proof of Theorem \2.11\ We just need to take k = k/2. Then, by Lemma 



u + V± (it, 5, a) belongs to D°% >0 



D° n a, where we know by Proposition 



3.3 



4.1 



that the parameterizations C u 



and C s are defined. Then we just have to define (p s and ip u as: 

cp s (u) = ( s (u + V-(u,6,o-)) + C-(6,a), 
<p"(u) = C(u + V + (u,S,a)) + ( + (S,a), 

where C±(^i °~) = (j]± cr )i V±(^> <t ))j and?7±, fj± were defined in (14). As we pointed out in Subsection |2.2.1 



(77) 



both ip s (u) and tp u (u) satisfy system (26), and that they are parameterizations of the stable and unstable 
manifolds of S-(S,a) and S + (S,a) respectively. 
Finally, note that, for u £ D° u ^ T , one has: 

\^ s (u)\\z (u) - 1| 3 < \C' s (u + V ± (u,S,a))\\z (u) - 1| 3 + \C ± (S,a)\\z a (u) - 1| 3 , 

for some constant K. Now, on one hand, by Proposition 

z (u) - 1 



3.3 



z (u + V ± (6,a))-l 



< 



and using that for u £ -D° U J T : 
K 



l-log(W 



we have: 



\C' s (n + V ± (u,6,a))\\z (u) - 1| 3 < K\C' B (u + V ± (u, 6, a))\\z (u + V ± (u,S, a) - 1| 3 < X||C u ^llout < K5 2 . 
On the other h and, recall that C,±{5,a) — {i]±(d,<j),fj±(S,a)), where rj±(S,a) = x±(S,a) + iy±(S,a), and 



then by Lemma 2.4 since |coshu| is bounded in D°p T , we obtain \C±(5, a) cosh u\ < KS , and thus the 



last statement ot lheorem l2.11l is clear 



□ 
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5. Sketch of the proof of Theorem 2.13 



In this section we present the main ideas of how Theorem |2.13| is proved. As we already mentioned, the 
proof is analogous as the one found in |14j . and hence for more details we refer the reader to that paper. 

5.1. Existence of solutions ^q' 

First we will introduce the Banach spaces in which we will work. For * = u, s, we define: 

AT* = {</> : 2>£* -> C, 4> analytic, \\^ v := sup \s v <t>(s)\ < oo}. 



sev 



Pq.p 



As usual, in the product space X™'* x X™'* we will take the norm: 



h,<t>2)\\if„,x 



Ml in!,,- 



Now, if we call ^ = (-0, tp) the solutions of (31 ), F = (Fi, F%) and define: 
ho = lim s 3 fr(0,0,-s _1 ,0,0), 

Re s— >oo 

s 2 [b^ + H{t>,-s-\0,0)] , 
— (a — cs~ 1 )i + ds^ 1 



A(s) 











and 



l + ft(*,s) l + /i s" 



(a — cs l )i + ds 1 

F^-a-^OjO) 



l + /i(*,s) 



then system (31 ) can be written as: 



1 



^^(s)* + ^(*)(s). 



ds 1 + ftps 

Lemma 5.1. A fundamental matrix of the linear homogeneous system 

d^ 1 



ds 1 + hos 



is: 



M(s) 



mi(s) 
m 2 (s) 

where /3(s) = — (c + a/io) log(s(l + /iqs -1 )) 



^(l + M" 1 )^ ' 



-i(as+/3(s)) 







o t(aa+0(«)) I J 



The functional equation that ^q' s have to satisfy is the following: 

^ s (s) = M(s) f M(s + t^n^Xs + t)dt, 



(78) 

(79) 
(80) 

(81) 
(82) 
(83) 



(84) 



(85) 



where 1Z was defined in (82 1, and +oo corresponds to the stable case and — oo to the unstable one. For 



functions $ € X™'* x X™ : * , we introduce the linear operators: 

,o 

B n > s (<S>)(s) =M(s) / M(» + t) -1 $0» + t)dt, 



so that the fixed point equation (85) can be written as: 



(86) 



The main result in this subsection, which is equivalent to item 1 of Theorem |2.13| is the following: 
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Proposition 5.2. Given /3q > 0, there exists p > big enough such that system (83) has two solutions ^q' 
belonging to X™'* x A"" 1 '*, * = u, s, of the form: 



w — *0,0 + *0,1> 



B»'°oK(0) G A""'* x A™'*, %>l e Af<* x Af safejyms ||^IIS"s,x < ll*S,'Slir 



in, 3, x ■ 



Moreover, these functions *S? ' are i/ie unique solutions of (83) satisfying the asymptotic condition 
liniR c s-j-zpoo $q' s (s) = 7 where — corresponds to u and + to s. 

This proposition is proved in |14j in the case d = 1, and the case d ^ 1 can be proved identically. 

5.2. Asymptotic expression for the difference A'J'o 

Below we sketch how formula (34) can be found, which is an adaptation of the results of [13] for the 
case d ^ 1. The first step is to realize that, since and V^g satisfy equation (83), its difference A^o = 
(Aipo, At/jq) satisfies the following homogeneous linear equation: 



dA* 



ds 



1 



1 + hos 



- I A(s) + n(s) 



A*, 



(87) 



where 1Z is the matrix defined by: 

iz(s) 



DK(%(s) + A(* u (s) - * s (s)))dA, 



and 1Z was defined in (82). As in 14J, one deduces that any analytic solution of equation (87) that is 
bounded in the domain Ep 0tP , defined in (33), can be written as the following integral equation. 



A^,(s) = s d {l + h QS - 1 ) d e^ ias+0is)) 



Aip (s) = s d (l + h s- 1 ) d e lias+ ^ 



K 



t d (l + h t- 1 ) 



-i(at+/3(t)) 



t d {l + h Q t- x ) 



Wd {K2{t),Ml (t))dt, 



(89) 



where j3(s) — — (c + ah n ) log(s(l + h s 

Now we define the linear operator Q by the expression: 



g(^)( s )^s d (i + h oS - 1 ) d 



( e -i(as+/3( S )) 
\ 



i{at+f3{t)) 



\ 



-i(at+/3{t)) 



ni +ha t-^ n ^ {t))dt J 



and the function: 



A* o ,o(<0 = s d (l + h s- 



-i(as+/3(s)) 




Then we can rewrite ( 88 ) and ( 89 1 in the compact form: 

A* (s) = A* Q ,o(s) + e(A*o)(s). 



(90) 



Adapting the steps followed in [14] , one can see that the operator Id — Q is invertible in a suitable Banach 
space, and therefore we can write: 



A* = (Id - g)- 1 (A* ,o) = Yl £"( A *o,o)- 
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(91) 



n>0 



The last step, once we know that A^o can be obtained form formula (91 ), is to study how the operator 



Q and its iterates Q n act on A^o.o- What one can prove is that there exists some constant K(p) such that: 

7ri0(A* o ,o)(*) = s d e-^ as+ ^(K(p) + O^ 1 )). 

and that: 



Using standard functional analysis, formula rt34k for A "Jo is found, finishing the proof of Theorem 2.13 



6. Proof of Theorem 



Theorem 2.11 provides parameterizations of the invariant manifolds satisfying the same equation (26) 



Nevertheless, it does not give enough information about the behavior of these manifolds near the singularities 



±«r/2. To obtain this information we will use the solutions of the inner equation (31 1 given in Theorem 
|2.13| For this reason, in this section we will deal not with system (26 1 but with ( |30[ ) (which comes from 
( |26| after a change of variables). Moreover, we will restrict ourselves to the matching domains D^Z' U a 2 and 



D 



mch,s 
k,/3i,/3 : 



(see Figure 3k 



Let us consider the Banach space: 

X™*>* = {0 : 2?^* a -> C, analytic, sup | S | 2 |0( S )| < oo}, 



u, s 



with the norm: 



and we endow the product space X 



inch 



sup \s\ \4>{s)\, 

s£T>" 



mch,* x ^mch,* with the nQrm 



l(^1.^2)|| 



mch, 



Ml mch 



Mlmch' 



Now we present the main result of this section, which is equivalent to Theorem 2.15 



Prop osition 6.1. Let ^"^(s) = 5ip u ' s (Ss + in/2) 7 where ip n,s are the parameterizations given by Theorem 
2.1l\ If s G f or * — u, s, one has \& u,s (s) = ^q' s (s) + ^"^(s), where ^^ ,a are the two solutions of 

the inner system (31) given by Theorem 2.13 and: 



I* 



U,S II u,s 



I mch. 



for some constant K . 



Now we shall proceed to prove Proposition |6.1| for the unstable case. The stable case is analogous. As 
usual, we will omit the superindices — u— of the domain V™f i h , the Banach space X mch and the norm 
II -II mchi whenever there is no danger of confusion. 

Before proceeding, we will explain the main steps to prove Proposition |6.1| 
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6. 1 . Notation and outline of the proof of Proposition 6. 1 



First of all, let us introduce some notation. We will call W = (ip,ip) the solutions of (30 1. Recalling the 



definitions (80 1 of h(W,s) and (81 ) of A(s), we define: 

[bipjj + H(^, -s" 1 + 6l(5s),5, 5a)] (s 2 + 5s 3 m(5s)), 

ai(s,5,a) 
02(3,6,(7) 

1 



h(W,s,5,a) 
A(s,5,a) 

X 1 (^,s,6,a) 



l + h(V,s) 
1 



1 + h(^,s,5,a 
1 



A(s)^ + F(^f, -3^,0,0) 



[A(s, 6, <r)tf + F(V, -s- 1 + 6l(6s),6, 5a)] 



l + h(%a) 



A(s)V + F(#,-s _1 ,0,0) 



where: 



at(s,5,a) = -(a + c(-s _1 + Sl(5s))i- 5a + rfs -1 - 5dl(6s), 
a 2 (s,5,a) = (a + ^-s' 1 +5l(5s))i- 5a + ds~ 1 - 5dl(5s) 



Note that ,A(s, 0, cr) = .4(a), and h(9, s, 0, cr) = s). 

;ten as: 



Then, the full system (30 1 can be written as: 

r/.s 



and the inner system (311 reads: 



rf.s 



= X (*,s). 



(92) 
(93) 

(94) 

(95) 
(96) 

(97) 
(98) 



Let us consider x f' u defined as the parameterization of the one-dimensional unstable manifold of system 
(26 1 given by Theorem 2.11 in the new coordinates, that is $ u (s) — 5ip u (5s + in/ 2), which is a solution of 
(97 1. Moreover, consider the solution \&q of the inner system ( [98] ) given by Theorem 2.13 Then, if we define 
their difference: 

= # u - (99) 

we have that satisfies: 



dfy u 1 
^ = X (*S + *?, a) + ATxC^g + s, 5, 5a) - X (*g, s) = 



T A(s)^ + n*i,6,a)(s) 



where ho was defined in ( 79 ) and: 



K(^,6,a)(s) = Xo(*g + *3f,«)-Xo(*g,fl)-D*X (*S,«)*; 

-X 1 (*g + *?, fl ,<y,a)+ ' 
1 



l + h(^,s] 



l + h(^,s) 1 + hos- 1 
D 9 F(9q, s _1 ,0, 0)*" 



4( S )^ 



1 



(i( S )*g + F(*S >a - 1 ,0,0))*?. 



l+/i(*g,s)_ 

Now consider the linear operator acting on functions (fa, fa) € A" mch x X mch ; 



(100) 



£(0 1 ,0 2 )( s )=X(s) 



r(si,s) 



m l 1 (w)fa(w)dw ^ 



r(«a,a) 
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m 2 1 (w)fa(w)dw 



(101) 



where the matrix A4(s) was defined in (84), Sj, i = 1,2, were defined in (38) and T(si 7 s) is any curve in 
■^ > ™/3i & S om g from Si to s. Note that, since for w € 2?™^ g the functions mi(w) _1 0i(u;) and m2(w) _1 ^2M 
are analytic, by Cauchy's theorem the integrals in (101) do not depend on the choice of the curves T(si,s). 
With this notation, it is clear that "J" satisfies the fixed point equation: 

¥?(«) = l(c u c 2 )(s) + C o 5, a)(a), 

being: 

l(h,k 2 )(s)=M(s) 

and 



fci 
fc 2 



(102) 
(103) 



c 1 =m 1 1 (s 1 )<ip 1 (s 1 ), c 2 = m 2 1 (s 2 )V , i(s 2 )- (104) 
Now, let us explain the main steps to check Proposition |6.1| First of all, we note that the fixed point 



(105) 



equation ( 102 ) is equivalent to: 

^ = l(c u c 2 ) + Co TZ(0, S,a)+£o [K(^, 6, a) - K{0, S, a)}, 

where: 



C o [TZ(^, 6, a) - K(0, 6, a)} = M(s) 
Note that: 



Ir( Sl ,s) mr 1 H[^i(*?,*,cr)(«>)-Wi(0,*,(r)(«;)]d«; 
frisks) ^{w^^S,*)^) -11 2 {Q,5, a)(w)]dw 



K(^, 5, a)(w)-K(Q, 5, a)(w) 



D^K(\^, S, a)(w)d\^{w) 



Now, since we already proved the existence of both parameterizations \& u and ^q, we can think of the 
integral term as independent of VE 1 ", that is: 

5, a)(w) - K(0, 8, a)(w) = B(w)^{w), 

where the matrix B(w) is given by: 



B(w) 



£>*ft(A(tf u - *g),(J, a){w)d\. 



Therefore, for ^ £ x mch x A" mch , we can define the linear operators: 

B{^)(w) = B(w)^(w), 6?(*)(s) = Co S(*)(s), 



and then equation ( 102 ) can be rewritten as: 

(Id - Q) = X(ci,c 2 ) + C o ft(0, 6, a). 



(106) 



(107) 



We will proceed to study this equation as follows. First, in Subsections |6 . 2| and 6.3 we will study the linear 
operators C and B respectively. Then, in Subsection 6.4 we will study the independent term of (107), that 
is T(ci,c 2 ) + Co 71(0, 8, a). Finally, in Subsection 6.5 we will see that joining the results of the previous 
subsections allows us to guarantee that the operator Id — Q is invertiblc in X mch x X mch and to obtain the 
desired bound for the norm of 
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6.2. The linear operator C 

As we already mentioned, in this subsection we will study the operator C. However, before we present 
two technical lemmas. The first one is completely analogous to Lemma 3.10[ and can be proved in the same 
way. 



Lemma 6.2. Let s G V 

K =/= Q independent of 5 such that: 



mch 



id w — si + t(s — si), w = S2 + t(s — S2), with t G [0, 1]. Then there exists 
lid, \w\ > K\s\. 



Lemma 6.3. Let s G 2?™^ „ and w = Sx + t(s — si), 10 = S2 + t(s — S2), urat/i £ € [0, 1]. TTien there exists 
K independent of 8 such that: 

|m 1 (s)mr 1 H| < ^ e Q(1 - t)Im(s - Sl) , \m 2 {s)rrq x {w)\ < /jf e «(i-t)&» 



where mi and m,2 are defined in (84) 



Proof. We will do just the case for w. We have: 

+ how L ) d 

First of all note that by Lemma [6. 2| we have that: 



s d (l + h s- 1 ) d 



< K 



1 + hos~ 



f + how 



w d (l + Hqw- 1 ) 6 - 

Moreover, for 8 small enough we have that \s\, \w\ > K\og(l/S) > 2ho and hence: 

s d {l + h a s- 1 ) d 



w d (l + how- 1 ) 11 
On the other hand, we have that: 

-i[a(s-w)+fl(s)- fl(w)] 



< K± — ^-t < A. 

' {l-\h w-^\) d - 



< e alm («-«;) e |Im/3(a)|+|Im^(u;)|_ 



(108) 



Recall that f3(s) = — (c + aho) log(s + ho) and therefore Im/3(s) = — (c + a/io) arg(s + ho), obtaining for 
Im (3(w) an analogous expression. It is clear that for s G 2?™^ ^ 2 we have Ims < Imsi < 0, and then, since 
ho is real, we also have that Im (s + h ) < 0. Consequently, wc have arg(s + ho) € (7r, 27t) and hence: 



|Im/3(s)|,|Im/3(iu)| < (c + a|/i |)27r. 



Then it is clear that: 



-i[a(s-w)+/3(s)-/3(w)] 



< alm(s-uj) 47t(c+q|/i |) _ a(l-t)Iiu(s— si) 47r(c+ct|fc |) 



In conclusion, from ( 108 1 and ( 109 1 we obtain the initial statement 



(109) 



□ 



The following lemma studies how the linear operator £ acts on functions belonging to X mch x X mch . 

Lemma 6.4. The operator C : X mch x X mch — > X mch x X mch is well defined and there exists a constant K 
such that for any (f> G X mch x X mch , then: 



\C o . 



mch, X 



< All 



I mch , X ■ 
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Proof. We will check the bound for the first component. We have: 



n 1 C o cf>(s) = mi(s) / jn 1 1 {w)4>i{w)dw. 



r(si, s ) 

Taking T(s\,s) as the segment from s\ to s and parameterizing it by j(t) = si + t(s — si), t € [0, 1], we 
have: 

{n 1 £ o (j)(s)\ < \s — si\ / |toi(s)to^ 1 (si + t(s ~ si))4>i(si + t(s ~ si))\dt 



Irni^m-L 1 (si + t(s — Si))|si + t(s — si)\ 2 dt. 



< K\si - s|||^i|| mch 
Using Lemmas |6.2| and |6.3| it is clear that: 



\^Co(j>{a)\ < X|si-s|||</»i|| m ch|s|- 2 
K\s - si 



a|Im (si — s] 



f 11^1 ||mch|s| 



e a(l-t)Im(s-si)^ 



Finally, we note that as Im(s — s±) < we have that |l — e Qlm ^ s < 1. Moreover, from the definition of 
X>™«J p 2 , using standard geometric arguments, it is easy to see that there exists a constant C((3i,(3 2 ) such 
that \s — si\ < C(f3i, P2) |Ims — Imsi|. Then it is clear that |7r 1 £o</)(s)| < K ||0i|| m ch|s|~ 2 , and consequently 

W^C O 0|| mch < ATH^lllmch- □ 

6.3. The linear operator B 



Now we proceed to study the operator B, defined in (106 1. However, before we will need to study the 
vector field X\. 



Lemma 6.5. Consider the vector field X\ defined in (95), andlet^ £ X mch xX mch , such that H^Hmch.x < 1- 
Then there exists a constant K such that for all s E « 2 ■' 

\Xi(V,s,5,o-)\ < K5\s\- 2 . 



Proof. First of all we will rewrite Xi , which was defined in ( 95 1 , in a more convenient way: 

1 1 



X 1 (*,8,6, a) 



- -J: \(A(s, 5, <t) - A{s))^ + F(V, -s- 1 + Sl(Ss), S, <r) - F(V, -a -1 , 0, 0) 

i + M*> s ) L 



where h(^,s) was defined in Q, A(s) in (|8TJ, h(^,s, 5, a) in Q and A(s,S,a) in Q. In the following 
we shall bound each term. 
Our first claim is that: 

1 1 



1 + s, S, a) l + h(y,s) 



< K6. 



(110) 



First of all, note that by Remark 2.10 and the fact that |^(s)| < H^Hmch.x | s | we have: 

a, 6,*)\ < (6||*|| mc h,x|sr 4 + K\s\- 3 ) (\s\ 2 + K5 2 \s 4 \) < K(\s\- 2 + | S |- J + 5 2 + S 2 \s\) 



< K 



log 2 (l/J) log(l/<5) 



+ S 2 + 5 1+ ~< < ~ 



(111) 
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Note that this bound is also valid for h(^, s) = h(ty, — s 1 , 0, 0). Then, by Lemma 

< 4\h(y,s,8,a)-h(*,s)\ 



3.4 



we obtain: 



1 1 

1 + h(% a, 8, a) l + h(t>,s) 



< 4\b4njj + H^,-*- 1 + 8l(8s),8,8a)\ \Ss 3 m{5s)\ 

+A\H(^,-s~ 1 +61(68), 6,6a) - H(V, -s" 1 , 0, 0)1 |s| 2 . (112) 



Now, on one hand, we have: 

l&^+Z^*,-* -1 +6l(6s),6,6a)\ \5s 3 m(8s)\ < K (\s\~ i + \ s - 3 \) <5 2 |s| 4 < K6. (113) 
On the other hand, note that: 

-s _1 + 8l(8s), 6, 6a) - H(V, -s" 1 , 0, 0) | 

< \(6l(6s),6,6a)\ f \d {z , s . a) H(V, -s" 1 + X8l(6s), X6, X8a)\dX. 
Jo 

Since for A € [0, 1] and for 6 small enough one has cj> = (*, -s _1 + X6l(6s), X8, X8a) e B 3 (r /2) x B(6 /2) x 
B(ao/2), from Remark 2.10 and applying again Lemma 3.5 (with <$* — 0) we can bound all the derivatives 
of H by i^|0| 2 , and then it is straightforward to see that: 

\H(V, -s _1 + 6l(8s),8, 5a) - H(V, -s _1 , 0, 0)| 

< f KK^-s- 1 + X6l(8s),X6,X6a)\ 2 dX ■ \(8l(6s),8,8a)\ < K\s\- 2 \(8l(6s), 6, 8a)\ 
Jo 

<K8\s\- 2 , 

where we have used that |^(s)| < i4T|s| -2 . Hence it is clear that: 

|ir(*,-s _1 +8l(6s),6,6a) - #(*, -s" 1 , 0, 0)1 |s| 2 < K8 (114) 



Substituting (1131 and (114 1 in inequality (112 1, claim (110) is proved. 



Our second claim is that: 



\A(s,5,a)^ + F(^,-s~ l +6l(5s),8,a)\ < K\s\' 



(115) 



This is straightforward to check, since the matrix A(s, 8, a) is bounded for s € 2?™^ ^ 2 (which is clear from 
d93j and Q), * G X mch x X mch and \F(V, -s" 1 + <«(<5s), <5, cr) | < K|sr 3 . 



Our third claim is that, since as we already mentioned |/i(W,s)| < 1/2, then: 

1 2 



l + h(V,a) 
The last claim is that: 

\(A(s,5,a) -A(s))^ + F(^f,-s- 1 +8l(5s), 5, a) - F(*, -s" 1 , 0, ct)| < K5\s\~ 2 . 
First, we note that: 



(116) 



(117) 



A(s,6, a) - A(s) 



(-l-ic)5l(6s)-5a 

+(-1 + ic)8l(8s) -8a 



and since |<$Z(<$s)| = 0(<5 1+7 ), it is clear that: 

\(A(s, 5, a) - A(s))*\ < K8\\9\\m*,x N~ 2 - 
34 



On the other hand, using the mean value theorem and Lemma 3.5 it is also easy to see that: 



\F{^,-s- 1 +Sl(5s),5,cr)-F{^,-s- 1 ,0,a)\ < j \D {z ^ ) F(^,- s - 1 +tSl(5s),t5,a)\dt\(Sl(8s),8)\ < K6\s\- 
so inequality ( |117| ) is clear. 



In conclusion, from bounds (110), (115), (116) and (117) we obtain: 

1X^,3,5,(7)1 <K6\s\- 2 



□ 



Now we can proceed to study how the operator B acts on X mch x X mch . 
Lemma 6.6. If 7 € (0, 1) and * € X mch x X mch , with ||*|| mc h,x < I, then B(#) e X mch x X mch and there 

K 



exists a constant K such that: 



\B{m 



mch, X 



< 



log 2 (l/<5)' 



Proof. Recall that: 



X (*g +%w)- X (^, w) - DyX {^, u>)* 
1 



l + ft(*g,io) 

1 



l + /i(*g,iu) l + /i w 



-Da 



(^(«;)*g + F(*g,ii;- 1 ,0 J Q))* 1 



l + /i(^g,w) 
and hence: 



1 



1 



l + h{^,w) l + h a i 



A(w) + 



1 



l + h(^,w) 



DvFV&^w- 1 , 0,0) 



We will see that, for to e L> mch 



\Dy1l(iS>,8,a)(w)\ < i , 



K 



First of all we claim that: 



K 



\D^X ^l + ^,w)-D^X Q {^,w)\< 

log {1/8) 



(118) 



(119) 



This can be shown using the mean value theorem in each column of the matrix D^,X . For example, we 
will prove the result for the first one, D^Xq. Writing ty\ — "JJq + A 'J, the mean value theorem gives us the 
following bound: 

|D^ (*o + *.«')-- D ^o(*o.«')l ^ / |AfA/,Xo(*A,™)MA|*(w)| 



< 



< 



\D*D^X {* x ,w)\d\\\y\\ 

mch,x \ w\ 



\DyD^X {V x ,w)\d\ 



jv||1'|lmch,x 

log 2 (1/5) 



(120) 
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Then it is clear that in order to prove (119) it is only necessary to prove that the integral is bounded, or 
equivalently, that the integrand D^D^Xq^x, w) (which is a 2 x 2 matrix) is bounded for A £ [0, 1]. Note 
that, from definition (94 1 of Xq, fixing w £ D™ c ^ ^ it is clear that Xo(<j>,w) is bounded and analytic if: 

e B 2 (P ) C B 2 (r Q ) n {(f> £ C 2 : \h{<f>, w)\ < 1/2}, 

for some fo- Then, Cauchy's theorem implies that the derivatives of Xq with respect to ip and ip are bounded. 
Hence, applying again the same arguments, we prove that all the derivatives of order two are also bounded. 
Since for * £ X mch > x X mch ' we have that X$(w) £ B 2 (f /2) for 5 small enough and A £ [0, 1], we obtain 
that D^D^,Xq(^>x, w) is bounded and thus ( 119| ) is proved. 
Our next step will be to prove that: 



\D*X x {n + *,v>M\<K8< 2 K 

log (1/6) 



(121) 



In fact, we will prove the result just for the derivative with respect to ip, being the one with respect to ip 
analogous. Note that if * + * l = (ip + ip$,i> + v£) £ X mch x X mch , then (ip + t/j^ + \w\- 2 e ie ,ip + ipl) £ 
X mch x X mch too. Then first using Cauchy's theorem and later Lemma 



G.5 



we have: 



|A/,*i(*o + %w, S, a) 



< 



< 



1 



2tt\w\ 
1 



27TW 



\XM + + \w\~ 2 e™, i> + %,6, a)\d9 



K5\w\~ 2 d9 = KS, 



and the claim is proved. 
Now we claim that: 



1 + hnW 



A(w) 



< K\w\- 2 < 



K 



(122) 



Indeed, on the one hand, note that A(w) is bounded. On the other hand, we observe that for S small enough: 



\h(^,w)\< 



1 



\h w\ 



< 



K 



< 



1 



log(l/<5) " 2' 



and then by Lemma 3.4 and definition (|79| of h we obtain that: 

1 



1 



l + h(%,w) l + h w- 



< 4\h(^,w) - /low" 1 ! < K\w\~ 2 



and then bound (122 1 is clear. 



Our next claim, which can be easily proved using Lemma 3.5 and the fact that |Wq(w)| < K\w\ , is 



that: 



< 2K\w\- 2 < 



K 



Finally, we claim that 



(A(w)^ + F(^w-\0)) 



log 2 (l/£) 



< K\ w r z < 



K 



WW 



(123) 



(124) 



Indeed, we note that Dy(l + h(^Q, w))^ 1 is bounded. We have to use that (1 + h(^Q, w))^ 1 is bounded and 
analytic in a ball of radius f , and use Cauchy's theorem in a ball of radius f /2 (where Wo belongs to) to 
prove that the derivative with respect to W is bounded. Finally, ( 124[ ) follows from the following bounds: 

\A(w)*%\ < XHnilmch.xkr 2 , \F(^,w-\0,0))\ < K\w\~ 3 . 



3G 



In the second bound we have used Remark 12.101 



With bounds (|119j), (|121j), ([122]), (|123j) and |124j) we obtain that: 

\B(wMw)\ < [ \D*K(\<f,8,*)(w)\d\\*(w)\ < f 

Jo log {1/5) 



*M|, 



and then, since II 'PI 



mch, X 



< 1, it is clear that: 



||B(*)| 



mch, X 



< 



K 



mch, X 



< 



K 



log 2 {1/5) 



□ 



6.4- The independent term 

Finally, in this sub section we will study the independent term I(ci,C2) + £ o 1Z(0, 6, a). First we note 
that if in Lemma [6J5] we take * = ^ e X mch x A" mch , noting that Xi(^,s,5,a) = K(0,6,a)(s) (see 



the definition (100 1 of TV) and that for p big enough H^ollmch.x < 1, we obtain immediately the following 
corollary: 

Corollary 6.7. 11(0, 6, a) e X mch x X mch and there exists a constant K such that: 

\\H{0,S, a)|| mch , x <K5. 
Lemma 6.8. l(c 1 ,c 2 ) + £o K(0, 5, a) e X mcli x X mch and: 

\\£oK(0,5,o-)\\ mch ^ <KS. 

Moreover: 



\\l( Cl ,c 2 ) + £oK(0,5,o-)\\ 



mch, 



< K6 1 ~' ( . 



Proof. The first part is a direct consequence of Lemma |6.4| and Corollary |6.7| To prove the second part, 
recall that: 



T(ci,c 2 )(s) =M(s) 



ci 

C2 



TOl(s)ci 

m 2 (s)c 2 



where M. was defined in (84 1. Focusing on the first component, using (104), we have: 

mi(s)ci = — 



First we claim that: 



mi(si) 



(125) 



Indeed, we have |^x(si)| < |"0 u ( s i)l + I V'o ( s i ) I ^ so we J us t have to check that both terms satisfy the bound. 
On the one hand, for S small enough in/2 + s\S € -D^'j- ( see (20) for the definition of -0°"^ and (38) for 



s x ). Then by Theorem 2.11 



|^ u ( Sl )| = \S£ u (si8 + m/2)\ < KS 2 \z ( Sl S + in/2) - 1| 3 < K8 2 \ Sl 5[ 



Then using that \s\5\ > KiS J (see (39)) we obtain immediately that: 

m-si)\ <s 3 ^k. 



On the other hand since, by Proposition 5.2 i/>g <E X 3 ' , from definition (78) of the norm 
that: 



in,3,x 



we know 



l^0(^l)l<ll^0 U |lm,,,xkir 3 <^ 7) ^ 
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and then the claim is clear. 



Then, by (125) and Lemma 6.3 we obtain: 



|mi(s)ci| < $3(l-«r)# e -aIm(»i-«) < ^(1-7)^ 

For the second component we obtain an analogous bound, and therefore it is clear that: 

\\l(ci,c 2 )\\ mchiX < sup S 3 ^\s\ 2 K<KS 1 -\ 



sev 



and the lemma is proved, since S < S 1 7 . 
6. 5. End of the proof of Proposition \6.1\ 



□ 



From definition ( 106 1 of Q and using Lemmas 
Hence, we have: 



6.4 



and 



6.6 



we obtain ||a(*)|| mch ,x < K\og 2 (l/6). 



\G\\ := m max {||G(tf)|| mch , x } < 



K 

log 2 (1/5)' 



and then it is clear that for S sufficiently smal l \\Q \\ < 1. This fact implies that Id — Q is invertible in 
X mch x ^-mch Then equation ( [i07| an d Lemma yield: 



ll*ll|mch,x 

proving thus Proposition |6.1 



= 1 1 (Id - Q) - 1 (X(ci , c 2 ) + C o 11(0, S, a) ) 1 1 mch , x 

< ||(Id-g)- 1 ||||Z(c 1 ,c 2 )+£o^(0, ( 5, ( 7)|| mch , x KKS 1 -^, 



7. Proof of Theorem HHl] 



Let At/? be the difference between the parameterizations <p u ' s defined in ( 40 1 . Our goal now is to provide 
a dominant term for this difference, as Theorem |2.18| enunciates. Note that Atp, being a solution of (44), 
satisfies: 

/J m^ 1 (w)n 1 (fB(w)Aip{w))dw 



A(p(u) = M(u) 



Cl 



£_ m^ 1 (w)TT 2 {'B{w)Aip(w))dw 



(126) 



for some suitable constants c\ and c 2 . 

As we did in the previous sections, we first need to introduce suitable complex domains and Banach 
spaces in which we will work. First of all, we define: 

u + = i ^— — kS log(l/<5)^ = it + , ?i_ = i ^— — + kS log(l/<5)^ = it-. 

Now, let E = {it € C : t € (£_,<+)}. We consider the following Banach spaces: 

X spl = {<j> : E ->• C : analytic, sup le^W 2 -!'!)/- 5 cos~ <i (t)0(^)| < 00}, 

iteE 



with the norm: 



Mspi=sup \e a ^ 2 -^/ s co S - d (t)4>(U)\. 



(127) 



As usual, in the product space X spl x A" spl we will take the norm: 

11(01, 02)||spl,x = ||</>l||spl + ll<H|spl- 

The main result of this section, which is equivalent to Theorem |2.18[ is the following: 
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Proposition 7.1. Let: 



where M was defined in (47), and: 



eg N 




( m 1 (u + ) 


4 > 


- 





-1 (-i>>) d c -a\-H(c+ahn) logf-iA)^ 



a, 



- 1 C,i \ ( iX ) d r -aX-i(c+ahn) logfiAl 



(128) 



where A = Klog(l/<5) and Cj n is £/ie constant defined in Theorem 2.13 Then, if C;„ 7^ 0, me /iave i/iai 
At/? = A^o + Ay?i, where Aipi is such that: 



\A<p 



1 llspl.x 



< 



^l|Ay?o|| sp i.x 
log(l/<5) ' 



/or some constant K independent of 5. 



Now we proceed to prove Lemma |2.20| which was stated in Subsection |2.5[ To do that we will use the 
following technical lemma, which we do not prove (see [16)). 

Lemma 7.2. Let u > 1. TTien £/iere exists a constant K such that, ifuGE, then: 



1 



I coshuil^ 



-dw 



< 



K 



J"- 1 log"- 1 (1/5) ' 



Proof of Lemma 2.2C\ Since M(m) is a fundamental matrix of z = A(u)z, with A(u) = diag(ai(u), a2(u)) 
defined in (41 ), we have that: 



M(u) = e^ A{w)dw = ( 
Let us compute just m\(u). We have: 



e / u ai(w)dw 

e / u< *2(w)d™ 



(129) 



ai(w;)(iw 



+ (-d-ic) 



1 



(ill) 



^ 1 -l+^o 2 (») 



d-u; 



1 - 



<5h .zg(«i) 



■z (w)c?w =: 7i(u) + Z2(w) + h{u)- 



Now we shall give an asymptotic expression for each of these integrals separately. Note that: 

5h z$(u) 



-l + *o(«) 
if S small enough, and hence we can write: 

1 



K 

< : — ^- < 1, 



log(l/*) 



-, _ <5/l zg(tt) 

1 -l+^(u) fc=0 



, _^-l + zg( u ) 



Hence, we can express 1\ as: 



fi(«) = — r/ 1 + / 9/ \ rfw 

^ 7 V -i + 4{w)J 



ai 



5 In 1 _ gWzgW 

V 1 -l+zg(«,) 
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(5/t zg(w) 
-l + z 2 H 



du>. 



Now, note that: 



at 

T 



J n \ i _ Shpzg(w) 



- 1 - 



c£u> 



< 



< 



A" 



■1 + agH 



rfw < KS 



1 



g | COsh K7 1 



A 



Iog(l/5)' 

where in the last inequality we have used Lemma |7.2| Hence we have: 



cm 
aiu 



■l + «oW 



1 



+ a/ioi — - sinh « + log cosh u + O 



log(l/S), 

/ 1 



Vlog(l/5) 



(130) 



In the case of I2, we can rewrite it in the following form: 



I2 (u) = a [ dw + a [ [ } v 

Jo Jo \ 1 - Sh °f^\ 



1 dw. 



Now, we have: 



1 



\ 1 



Sh z^(w) 



1 dw 



< A 





ShoZo(w) 


< A<5 / 


10 


-1 + ZoH 


Jo 



1 



A 



/ |coshw| log(l/<5) 



where we have used that for iigfi one has | cosh" 1 u\ < S^ 1 log(l/<5) and \u\ < n/2. Then, it is clear that: 



h{u) = a / dw + 
Jo 

Finally, A3 can be decomposed as: 



1 



log(l/J) 



au + O 



log(l/5) 



(131) 



Ia(u) = (—d — ic) I Zo(w)dw + (—d — ic) 
Again, we have: 



1 1 _ Shpz^(w) 



— 1 zo(w)dw. 



{-d - ic) 



\ 1 



1 

Shpz^jw) 



— 1 z (w)dw 



< A 



< 



8h zl{w) 



zo(w)dw < KS 



1 

I cosh 2 w\ 



-dw 



A 



log(l/5) : 



where in the last inequality we have used Lemma 7.2 Then 

1 



/3(u) = (— d — ic) / zo(w)dw + O 



log(l/*) 



= (d + ic) log cosh u + O 



log(l/J) 



(132) 



In conclusion, from ( pf)] ), |l31~] ) and ( fl32| and the fact that mi(ii) = e / i(")+ / 2(«)+/3(«) j t h e asymptotic 
formula ( 48 ) is proved. □ 
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Lemma 7.3. We have: 



»V( u +) = 

m' 2 1 (u + ) = 



e 25 e 



K d<5d+« Q log d (l/(5) 



-i[^f + ^a + (c+a/i )log<5] -i(c+ah„)lo g X I '-i , ( 1 A A 
f p i[^ + ^- + (c+ah )lo g 8} i(c+ah )log\ (\\q( _±_X\ 

e 6 V V log(1/,5) //' 



(133) 



where A = Klog(l/<5). 



Proof. Again, we will prove the asymptotic expression just for mi(iif), being the other case analogous. First 
of all, from Lemma [2.20| we obtain: 



ml 1 ( u + ) = cosh _d (u+ ) e ^e- au+ e- ahol \--^ sinh2 u + +log cosh u +l e" 4C log cosh u + ( 1 + O 



1 

log(l/<S) 



Recall that u + = in/ 2 — in5\og(\/5). Then we have: 

cosh _d (M + ) 
1 



n d 8 d \og d {l/5) 
1 



(1 + 0(<51og(l/<5)) . 



^sinh^+) = -+0( ( 5 2 log 2 (l/<5)), 
logcosh(u+) = logd + log(«;log(l/(J)) + 0((5 2 log 2 (1/5)) 



Moreover, it is clear that: 



Finally, we have: 



xu+/5 _ -fj aKlog(l/5) _ -A 



e-^(l + 0(51og(l/<5))). 



Substituting (1351, (1361, (1371, (1381 and (1391 in (134) the claim is proved. 



(134) 



(135) 

(136) 
(137) 

(138) 

(139) 

□ 



In the following we will proceed to prove Proposition 6.1 which will be possible with the lemmas below. 
In order to simplify the process, we will introduce the notation. For k±,k 2 g C, we define: 



3{k u k 2 ){u) = M(u) 



h 
k 2 



(140) 



where the matrix M(u) was defined in (1291. Note that with this notation we have that Aip = O^c^c®). 
For functions <f> € X spl x X spl we define the following operator: 



S (</>)(«) 



Si(0)(«) 
S 2 (^)(«) 



mi(u) J™ m 1 1 (w)n 1 (%{w)4>(w))dw 
m2(w) m,2 1 (w)Tr 2 ('B(w)(j)(w))dw 



(141) 



where the matrix 25 (w) is defined in (45), mi(w) and m 2 (w) are defined in (48). 
Lemma 7.4. A<^i = A<p — Aipo satisfies: 

A(p!{u) = J(c 1 -c°,c 2 -c°)( u ) + S(A^o)(u) + S(A^ 1 )( u ). 

Moreover, 



\ci-ct\, \c 2 -4\ < 



Ke 25 
5i+dlog(l/5)' 



(142) 
(143) 
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Proof. To prove the first statement we just need to realize that the fixed point equation for Aip (f26) can 
be written as: 

Aip = 3( Cl ,c 2 ) + 5(A<p). (144) 
Then, since Aip = Aip + A(p± and Aip a — J(cJ, c®)-, this last equality yields: 

Aipi = J(ci, c 2 ) - 3(cg, c°) + S(A<^ +A(p{), 



and using that the operators J and 9 are linear we obtain equality ( f 42 1 . 

Now we proceed to prove bound ( f 43 ) . We will just bound c\ — c\ , since the other component is analogous. 
We will write Aip = (A£, A£) and A(pj = (A£,-, Afj), for j = 0, f . 

First note that, since g x (^)(u + ) = for all G X spl x A" spl , equalities fll40"| and fll44| yield: 

ci = ™ ] ; 1 (M + )A^(ii + ). 

Moreover, since by definition Atpo(u+) = 1(c\, C2)(u+), we also have: 

c i = m r 1 ( u +) A Co("+)- 

Then it is clear that: 



| C1 - c°| = Imr'KJII^K) - A£o(«+)|. 
Now, taking into account that u + G -D™^'^ 2 ^ ^'k'pI '/3 2 ' f rom Corollary 



2.16 



we know that: 



A^o 



u + — Z7r/2 



AVi 



u + — Z7r/2 



(145) 



(146) 



where we have written Aipj = ipj — ipj, for j = 0,1. Here -0g' s is the first component of the corresponding 
solution of the inner system (31), #q' s , and V'i' s satisfy: 



< 



log 2 (l/5) 



for some constant K. From ( 145 1 and ( 146 1 we have: 

1 . , ( u+ — in/2 



AV'o 



\c 1 -c° 1 \<\m^(u + )\ 
Now, on one hand, from Lemma |7.3| it is clear that: 

|m^ 1 (u + )| < Ke~^ 

where we have used that: 



- A&0+) 



:AVl 



u + — in/2 



S d+ Ka l 0g d (l/(5)' 



e -i[?f + ^P-+(ah +c) log S] e -i(ah +c)) log \ 



(147) 



(148) 



(149) 



(150) 



On the other hand, from definition ( 128 1 of c\ and c§ and the fact that A£ (u+) = m\(u + )c\ it is clear that: 

Ai a {u+) = iz^l! e -«A+ l (c+ Q / l0 )log(- l A) c . n] 



where A — Klog(l/<5). Then, from formula (34) of A^o in Theorem 2.13 and this last equality we have that: 



u + — in/2 



A£o("+) 



e -a\+i(c+aho)log(-i\)^f^\ 
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where xi is the first component of the function x m Theorem 2.13 Now, since by this proposition we know 
that |xi( s )l < ^l s l _1 i we have: 



1 . , fu + — in 12 



- A£ (u+) 



\d-l A d_1 
< J(_ ( JKQ| e i(c+a/io)log(—iA)| < fina 

5 S 



(151) 



Then, bounds pT7| , ( fl"49| and ( fT5l] > yield: 



u + — iir/2 
8 



A^ (u+) 



^^log^/d) (5 d +« Q +^log(l/5) 
Then, taking k > such that < na < 1 — 7, from ( 148 1 and ( 152 1 we obtain immediately: 



(152) 



|ci - c?| < ife""^ 



1 



8 l + d log(l/(S) 



□ 



Lemma 7.5. Lei fc 1; fc 2 G C. Then, 3(k 1} k 2 ) G A" spl x A" spl and; 

fe)lls P i,x = (|fci| + |fca|)e® (l + O 



log(l/<5) 



Proof. We will bound just the norm of the first component of fe), that is 7r 1 J(fci, fe) = J7ii(tt)fei. For 
it G -B, from Lemma [2.20| we have: 

\m l {lt)k l \\cOS- d te^ Ml \ = | fcl | | e MiZ2 ^^ || e -*|| e ^[ S in 2 t/2+log cos t ] || elC log cost | f 1 + f } , Y) . 

\ Vog(l/S)JJ 

Note that, since t is real and \t\ < tt/2, we have that log cost is real. Moreover, since a, a, ho G K, we 
have that |e l<T *| = |e«^[ sin2 */2+i°gcost] | = ^ and then . 

Imi^feillcos-^e ^/ 2 -!*!)/ 5 ! = |fe 1 |e a < 7r / 2 +*-l*l^/ 5 f l + O f - * - 

V \iog(i/£) 

Then it is clear that: 

sup Imi^/fcillcos-^e"^/ 2 - 1 * 1 ^ 5 ! = Ifci le® sup e a(t - |t|)/5 f 1 + O ( —. - 
iteE iteE \ \log(l 

= |fci|e^ ^1 + 

and hence: 



log(l/«5) 



||7r 1 J(fci,fe 2 )|| ll p l = |fci|e« : 1 + 



1 

log(l/(5) 



obtaining the desired bound. 
Lemma 7.6. 

l|A<A)||spl, 



□ 



S d+1 
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Proof. Since A<^o = J(cJ, cSj), we just have to bound c\ and c\ and then use Lemma 7.5 We will just bound 
c°, being the other case analogous. Recall that: 



z Y = m x (u + ) 



X+i(c+ah ) log(— iA)^ 
^11 



with A = n\og{\/8). On one hand, from formula (f33) and (1501 it is clear that 
, _ n , 1 



K d S d+ Ka \ g d (i/5) 



1 



log(l/£) 



(153) 



On the other hand, noting that log(-U) = logA - itt/2 and e~ aX = e -««l°«(i/5) = S Ka , we have: 



A+i(e+a/i ) log(— iA) 



^bg^l/g) f (e+afeo) 
5 



3 i(c+a?io) log A 



K d lQg d (l/S) SKa ^ (c+aha ^ 



(154) 



From (1531 and (154 1 it is clear that: 



|c?| = -^ef( c+ ^)e-^|an|, 



and then the initial claim is proved by Lemma |7. 5 



□ 



Lemma 7.7. There exists a constant K such that, for all it € E and l,j — 1,2, the matrix H = (bij) 
satisfies: 

\kj {it) cos 2 (t)\ < KS. 

Proof. Recall that: 



= / D5i(ipx)(u)dX, 



where 3? was defined in (42 1. Note that ip\ = (1 — X)(p s — \tp u and hence, by Theorem 2.11 it is clear that: 

\<P\(u)\ < K5 2 \cosh- 3 u\. 



We will prove that for j = 1,2: 



WD^x){u)\ < 

cosh u\ 



(155) 



(156) 



and then from the definition of 23 and the fact that cosh(ii) = cost, the statement will be clear. In fact, we 
will just do the proof for the first entry of the matrix DJi, since all the others are analogous. If we compute 
this entry, we get: 



5 2 F 1 (5ipx,Sz {u) 1 5,5a) 

7 fa6v6,+6- 2 g('VA,azo("),<W 
~ r ~ -i+2 («) 2 



1 



i , b£\Z\+S~ 2 H(Sip\,Sz (u ),8,8cr) , _ 8h a z%(u) 



-1 



6£ A + S^Df-H (Sipx, Sz (u), 6, 8a) 



1 



b^ x j x +S-^H(S v> ,Jz (u),SM) 



-l+z 2 a (u) 

:= D^\{ip x ){u) + D^\{ Vx ){u) + D^\{ip x ){u). 
First we will prove that: 

\D^l(cpx)(u)\ < K * 

cosh u\ 



-l + z$(u) 



ai(u)^x(u) 



(157) 



44 



In order to do that, we introduce the auxiliary function: 

6-^(4,) 



Fi{4>) 



S- 2 (bfafo + H (<(>)) 



1 + 



-1 + (5- 2 0l 



where <f> — (<f>i, fa, fa, 04j fa), which is analytic in the (non-empty) open set: 



U := B 3 (r a ) x B(5 ) x B(a ) D \(j> £ C 3 X 



< 



It is easy to see that, for S small enough and u £ -D° u j, we have that (&/?a(w), 6zq(u), S, 8a) £ B 3 (fo/2) x 
B(5q/2) x B(ao/2), where fo < r is such that B 3 (ro) X £?(<$o) x B(ao) C Moreover, it is easy to check 
that: 

D e 3^ A )(u) = JI^A^a.Mu), W- (158) 
Now, by definition of W and using Remark pHO] we obtain that: 

FM) <2S- 2 F 1 ^)<5- 2 K\^\ 3 , 



and then, using Lemma pT5] with fa = it is clear that if £ B 3 (r /2) x B(8 Q /2) x B(a /2), then: 



Hence, from (158) and using (155), we obtain immediately (157): 



cosh 2 it 



Our next claim is that: 



\D^ 2 (<px)(u)\ < 



K5 2 



First of all note that for 8 small enough: 

+ 5- 2 H(5tpx, 6z (u),S, 8a) 



-1 + ag(it) 



I cosh 3 u| 
<5/i 2$(u) 



-l + *5(«) 



if 1 



(159) 



(160) 



and then by Lemma 3.4 we have: 



1 



1 + -i+^W 



1 



l5/l zg(M) 



< 



< 



1-1 + ^)1 
I - 1 + ^(^)1 



-l+zg(«) 

|&£a£a + 6- 2 (H(6tp x , 5z (u), 8, 5a) + S 3 h z {u))\ 
[b\Z\\\Zx\ + K5{\vl\ + \VxMu)\ + \<p\z$(u)\)] 



(161) 



where in the last inequality we have used the definition of h . It is easy to check that, since bound (155) 
holds, for u £ E, we have that: 



\6(pl(u)\, \6<pl(u)zo(u)\, \6<p x {u)4{u)\ < 



S 3 K 
cosh 5 1 
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Moreover, we also have that: 



,, 7 , S 4 K 5 3 K 

1661 < < 



cosh 6 ■• 



cosh 5 ■ 



and then (161 1 yields: 



\D^ M (u)\ < , K ^} , 5 \ < 

1 4 U A ' l ~ |-l + zg(u)| |cosh 5 u| " |cosh 3 u| 



Finally we just need to note that |ai(u)| < K/S to obtain bound (159). 
Our last claim is: 

KS 2 

D^l( Vx )(u) < -3—. 

cosh u\ 



This is quite straightforward to prove, using inequalities ( 155 ) and ( 160 ), Lemma 3.5 and that |ai(u)| 
In conclusion, from bounds (157), (159) and (162) we have: 



\D^u)\<K 



cosh 



I cosh 3 u\ 



< 



K5 



cosh 2 it I ' 



and thus (156) is proved. 



Lemma 7.8. The operator S : X spl x A" spl X apl x X spX is well defined, and for cp G X spX x X* pl : 

K\\4>\\bpI,x 



ISWHspl, 



< 



log(l/<5) 



Proof. Again, we will bound just the first component: 



I Si (0) (it) I = 



m\{it) I m 1 1 (iw)n 1 ('B(iw)(4>(iw)))d'w 



Recalling the asymptotic formula (48) for mi (it) it is clear that: 

|mi(ii)| < Kcos d te at/s , Im^io)! < K cos~ d we~ aw / s . 



K5 



Using these bounds and Lemma 7.7 we can bound Si(^>)(it): 

/•*+ w, 

|SiW)(*i)| < Kcos d te at/s / cos" d we~ aw ' s —\<j>(iw)\dw. 

J t cos^ w 

Then, since <f> € X spl x A" spl , recalling definition (127) of the norm ||.|| S pi iX we have: 



I^MI < IMUl.x cos<W^/ 2 -H)/5 



and therefore: 



\5i(mt)\ <K5cos d te at / 5 e-^U\\ sphx ( + e -^-\^/ s —^—dw. 

J t cos^ w 

It is not difficult to check that for t £ [t_ , t+] , there exists a constant C independent of 5 such that 



xt/S 



z -a(w-\w\)/S 1 dw < Q e a\t\/S 1 

COS 2 W /c<51og(l/6) ' 



and then we obtain the desired bound: 



|Sl(</>)||spl,x < 



AT 



|spl,x 



log(l/<5) 
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End of the proof of Proposition \ 7. 1\ From Lemma |7.4| we can write: 

(Id - g)A Vl = 3( Cl - c°, c 2 - c°) + S(A^o)- 

We note that for S > Aipi £ X spl x A" spl , although a priori its norm is exponentially large with respect to 
S. Indeed, we have Atpi — Aip — A(po, and it is clear by Lemma 7.6 that Aipo £ A" spl x A" spl . Moreover, we 
have: 

lA^cos^te^/ 2 -!*!)/ 5 ! < (||^||» u t,x + lb s || s ou t,x)No(it) - 1| 3 | co S - d t\e a ^ 2 -^/ s 

< K5 2 \cos 3 - d t\e a ^^-^/ s < < oo, (163) 



and thus it is clear that Aip £ X spl x X sp \ and hence Atpx £ X spl x X spl . Since from Lemma 7.8 we know 
that ||S || < 1 for 5 small enough, the operator Id — 3 is invertible in X spl x X spl . Therefore we can write: 

Atfi = (Id - S)- 1 [J(d - c°, c 2 - c° 2 ) + S(A^o)] , 

and consequently we have: 

IIA^lUx < \\Id-9\\£, x [P(ci-^,02-cg)IU, x +||9(A W ,)||, pl , x ] 



< if (||J(C1 -C?,C2-C§)|| B pl,x + ||S(A ¥ Jo)||spl,x) 



(164) 



Now, from (164) we will be able to improve bound (163), realizing that in fact it is not exponentially large 
with respect to S. On one hand, using first Lemma |7.5| and after |7.4] we have: 

K 



||J(ci -c°,c 2 -c°) || spl , x < K(\ Cl - c?| + |c 2 - c°|)e^ < WI 



log(l/<5)' 



Then, from Lemma 7.6 it is clear that, if ||Ay>o||spi,x ^ (which is equivalent to C ln ^ 0), we have: 

lf||A<£ ||spi,x 



P(ci -4,02-4) || 8P i, x < 
On the other hand, from Lemma |7.8| we have: 

||g(A^o)||spi,x < 



log(l/5) 

^ ||A<£o||spl,X 



log(l/<5) 



(165) 



(166) 



Substituting ( 165 ) and ( 166 ) in ( 164 ) we obtain the desired bound: 

#l|A<Pol|s P i,x 



\A<p 



1 HspLx 



< 



log(l/5) 



□ 



End of the Proof of Theorem \2.18\ From Proposition |7.1[ we know that Aip = Aipo + Aip\, with: 

\AMit)\ < ^ "f e-"fr/ 2 -l«l)/*| cos d t|, 

log(l/<5) 



and hence by Lemma|7.6| we obtain 



\A^i(tt)\ < 



K 



5 d +Hog(l/5) 
For t = this formula gives the bound: 

|A^(0)| < 



,f (c+ a h ) (| C . n | + | C . n Q e - a ( v /2-\t\)/S\ ^ 



K 



log(l/5) 



(c+aho) (\C in \ + \C in \)e-^. 



(167) 
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Moreover, by definition of A^o it is clear that A<po(0) — (c^cSj). Then by definition (1281 of c? and c^, 

(168) 



Lemma 7.3 and formula (154 1 we obtain: 



and cS] = cj. Finally, we just need to realize that, since a = a + aiScr + 0(<5 2 ), we have: 



25 — p 25 



(1 + 0(5)), 



and: 



so that ( 168 ) becomes: 

c = 1 c -^C. nC ^(c+aoha-aai)-i(^ + ^ + (c+a h )lo g S) (\ + Q ( 1 ] ] 



Then, from (167) and (1691 and the fact that Ay>(0) = (c^cij) + A^i(O) we obtain: 



MO) 



1 



and the theorem is proved. 



r p -<¥ + 2 Tr tt +( c + Q o' l o)l°g<5) 



log(l/<J) 



(169) 



□ 
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